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Abstract

'1'his thesis p~resents the ap~plicationl of non-minimium Iphase (NILP) io'-plaue discrete IMNO

(muitltilel-inptl.-muiilt.iple-outiput.) Quantitative Feedback Theory (QFTr) to the design of a three-axis

rate-commandled automatic flight control system for an unmanned research vehicle (URV). The

URV mo(IeIused has seven inputs and three outputs derived from the small-angle lpert.Irlbation

equations of motion. Plant parameter uncertainty consists of- six flight conditions derived from

variations in the aircraft center of gravity, airspeed, and gross weight. A weighting matrix Zis

usedl t~o Jost-nlul1tiply the plants for blending the seven. effector inputs into three effcim'C rate-

command inpults and resulting in an ejfrclive p~lant P, = P1. Second order effector miodels and

first order feedback sensor models are included in the p~lant. A time-scaled recursive algorithm

is used to traiisform thme continuous plant models to the tv'-plane thereby avoiding the numeric

Problenis associatedl with an-intermediate z-lplalle rep~resentation. All time tiRV plant. elemenits are

minimum phase (NIP). The transformation produces, however, a sampling NAIP zero and one other

NMIP zero (hue to the three pole excess actuator/sensor model elements. These NNMP elements

limit thme available 1001) banldwidth (4 (jv)). Standard QFT design is used, with plant temp~lates

'P = {P(jv)) which quantitatively express the plant uncertainty. Due to the 1001) bandwidlth

limitations, only stability bounds are derived. The-loop transmissions (lj(jv)) are then-shaped to

achieve thme maximum levels subject to the stability bounds. This is followed in the usual QFT

manner with design of the prefilters. Th esg eromnc eifctonrslsin1clude both

hiniear (no0 limiiting) and hlybrid (amplitude limiting) simulations up to and including limiting of

all surfaces. Some flight conditions are olpen-lool) unstable so, in these cases, limiting induces

instability. InI this-design, inst-ability results only when-all surfaces- are at or- very close t o-hinmitimg.

Hard limiiting and nominal performance is shown.
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AUTOMATIC FLIGHT CONTROL SYSTEM DESIGN FOR AN

UNMANNED RESEARCH VEHICLE USING DISCRETE

QUANTITATIVE FEEDBACK THEORY

L Introduction

Unmanned research vehicles (URV 's) give flight control system engineers unique flight testing

capabilities. This class of a flight test vehicle provides a much needed testbed environment for the

ellicient, evaluation of components and algorithms, and is used for testing everything from complete

flight, control systems and new flight control concepts to individual components such as actuators

and gyros. The Flight Dynamics Laboratory (WRDC/FIGL) at. Wright.-Patterson Air Force Base,

Ohio, has developed a URV it, calls Lambda to provide the Air Force with an affordable, flexible,

and adaptable airborne test.bed.

lambda was designed specifically as a testbed and, in keeping with that, design philosophy,

an automatic flight control system will be implemented. Presently, Lambda is flown by radio-link

from I-he ground. The incoming signals from the pilot are used to directly manipulate the seven

effectors. The automatic flight control system will be inserted between the incoming signals from

the pilot on the grouid and the effector actuators of the aircraft to implement the control laws for

Lambda s response to pilot three-axis rate commands. On past UIRV's, the flight, control system

implh'm'it-al-ion has been hardware intensive and thus not, inherently flexible to modification and

upgrade. Lambda's overall design strategy places the automatic flight control system implemeuta-

Lion in software and thus -does indeed make future upgrade and modification munch easier. In fact..

plamed upgrades to Lambda's basic flight control system, to further enhance its test,-bed utility,

include three-axis rate stabilization and pilot command augmentation. Future plans call for tihe ad-
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ditioll of autopilot fuict-ions including wings leveling, altitude hold, heading hold, and out-of-sight.

maneuvering.

1.1 Background

The equations of motion (EON ) for any aircraft, are in general highly coupled, nonlinear, and

time-varying. The coefficients of these EOM can exhibit large variations throughout the aircraft.

flight envelope. Flgure 1.1 shows a typical flight, envelope for a high performance aircraft..

25000 1 1
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10000

5000 3
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0 #1 ..a_

0 50 100 150 200 250 300 350 400 450 500
Airspeed (knots)

Figure 1.1. Typical High Performance Aircraft Fight Envelope

In general, a different set. of equations exists describing the motion of the aircraft, at every point

within the flight envelope. Design of a control system at a given operating point within the flight

Qu\N'lope, such as-any of Chose depicted in Figure 1.1 above, is a relatively straight-forward task.

Practical flight control design, however, requires specified performance throughout all or part. of

the flight envelope or, in other words, at an infinite number of operating points. This significantly

complicates the design problem since the designer will have or, for obvious practical reasons, may

only want. to use the EOM for a few operating points, maybe as few as five, as shown in Figure
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i. I above. The design method used then must. be ablo to manage the variation from one operating

point, to the next and the uncertainty associated with all operating points in between. It must.

provide valid specified robust, compensation over the entire range of plant parameter variatlion.

Since an aircraft in flight, represents a highly uncertain, nonlinear MIMO (mult-iple-input-

inultiple-outlut.) system plant., it becomes quite beneficial for the designer to simplify the problem

to make the design synthesis as easy as possible. In this thesis, the small-angle perturbation EOM

set. is used for each flight, condition considered. The plant is linear and time-invariant in this form,

and the EOM set, to an acceptable approximation, describes the plant dynamics and is valid for

small-angle perturbations about, a nominal or Irim flight condition.

A large class of lroblems exists where the parameters of the plant are uncertain and where

the variation in these parameters are known and can be bounded. Many flight, control problems, in-

cluding the Lambda URV, fall into this class. Quantitative Feedback Theory (QFT ), developed by

Dr. Isaac Horowitz, is a feedback design technique capable of guaranteeing a prori specilied perfor-

mance in a large problem class where the plant parameter variation is uncertain but bounded. This

technique is used in this thesis to synthesize compensation to provide a three-axis rate-comnanded

flight. control system for the Lambda ITRV.

J.-, QET History

QFT has been shown to provide guaranteed control- system performance for a large class of

systems with highly uncertain plants [6:686-687] [8, 31, 12]. The designer can specify the allowable

rauge ofsystem respouse and, with knowledge only of the range of variation in the plant,, synthesize

the compensator required to guarantee the a priori specified system lerformance. This is different,

than other point design techniques in that every operating point, falling within the designed-for

range of plant. variation, an infinite number to be sure, will have the desired response characteristics

instead of only the finite number designed for in the point, design techniques.

1-3



It flight, control system design, the designer usually has more control inputs than outputs to

be controlled. Lambda has seven possible control inputs (effectors) and three controlled outputs

of q, p, and r' and is referred to as a MIMO system. In 1963, Dr. Horowitz presented, for the first.

time, a technique capable of synthesizing a design around uncertain MIMO system plants [10:Chap

10]. This was the first and beginning formulation of quantitative feedback design techniques.

Considerable work in multivariable control system design preceded and followed this book bul(. dealt,

with design synthesis in cases where the system plant. was known. In 1979, Dr. Horowitz presented

a simpler niultivariable design technique, based on his earlier work, for designing feedback around

highly uncertain plants [12, 13]. It is now well-known as Quantitative Feedback Theory or QFT.

The features of the QFT method are [14:677]:

" It, is quantitative in nature

" The MIMO solution is reducible to a set of MISO (multil)le-inl)ut-sintgle-out, put,) equivalent,
problems

'lThe design is tuned to the extent of the uncertainty and performance tolerances established
a priori

• It, is a, frequency domain technique

QFT is particularly attractive in the MIMO case since the design problem can be decomposed

into the more tractable MISO cases where the design execution is performed on the- single-loop

equivalent. systems with no coupling between the loops and no iteration required [12]. A quick look

at. the complexity of even a 3-dimensional MIMO problem shows vividly the significance of this

capability.

Q'T was, in spite of its demonstrated merit,, almost immediately criticized for its inherent.

nonoptimality and overdesign. Dr. Horowitz admitted from the start. that the method miade no

opt.iialit.y claim [12, 14]. He was quick to point, out. though that "t.he technique guarantees a
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sitisfactory de-sign. ..,,y a comparatively straightforward systematic procedure" and no other design

teclhique could make that claim [14:699].

lIn later work in 1982, Dr. Horowitz improved his formulation of QFT1 and p~rop~osed a methodl

to reduce the inherent overdesign by making use of the fact that there is some correlation in the

uncertainties lbetween the elements of the system plant [14:69T] [13]. Knowledge of this correlation

would allow the dhesigner t~o further reduce the 100o) design bandwidth and thuits the overdesign of

Chie fina~l dIesign solution.

This nimproved formulation of QFT is presently being used extensively for flight, control sys-

tem desigii prob~lems at the Air Force Institute of Technology (AFIT). It has been applied quite

successfully to a iniber of very dlifferent. design problems and aircraft. The following p~artial list.

enuiiierates-somne of the AFIT thesis efforts-in QFT flight control research.

" .1. NM. Adams - Digital QFT Design for the AFTI/F- 16 [1]

" P. B. Arnold - FCS Recontfigutrationi Using QFT [2]

* 13. T . Clough - Reconfigu rationi for a STOL Aircraft Using QFT [4]

" J. S. Coucoules - Effects ofDiscretizing QFT Designs [5]

" S. IV. IHamilton - Digital QFT Design for an Uninanned Research Vechicle [8]

" B. S. Mligyako- Integrated Flight/Propulsion Control for a STOL Aircraft Using QFT [25]

* K. N. Neumann~ Digital QFT Design for the Control Reconfigurable Comibat Aircraft [28]

* P. T7. Ott - UR.V Reconfigutration using Digital QFT [29]

" If. 11. Russell - Analog QET Design for the KCJ-135 [30]

" D. L. Schneider - .4-FTIF-16 FCS Design Using-Digital QFT [31]

QFT has beeni highly developed for the design of analog control systems. For the p~ast. few

years, flight control research hias and is being directed toward the design-of digital flight control



systems. Thus, great, interest. exists now% in discrete control design techinique (leveIl)IflttI and

aIpplication. Discrete planle control system design for digital application is generally superior to

earlier methods of implementing (liscretizecl analog dlesigned controllers [18, 17, 24, 32].

Control system designs meant for digital implementation are executed b~y two basic methods.

In what's referred t~o as the emulatiou approach by Tischiler [32], the design is executed in continuous-

tie andl the synthiesized compensator is thien discretized for implementation. It, has lbeen shown

that. this meth~od does not p~rodluce as good a design whien compared to executing a dliscrete (lesigni

process of the same system [24, 32]. In general terms, anl equivalent discrete-time design of a

given system meant. for discrete-time implementation w~ill Iprodluce a lower-order design and at a

slower sampling rate [32:71]. This methiod is sometimes preferred as a. first. cut, and for trade-off

st.';(lies since designing in the discrete-time domain is somewhant more difficult. In general, the

cmulation method will yield flyable more conservative (hiighier sample rate) digital comp~ensators.

Most. importantly, the emulation approach p~rovidles no information on the interaction of digital

system elements with thle analog p~lant. The most important of these issues and interactions are

[32:70]:

" Zero Order Hold (ZOH) dynamics

" Frequency aliasing

" lntersamlple Response

" Hliddeni Oscillations

" Tustin transformation

* Computational dlelays

" Sensitivity to parameter variations

* Computer quantization and roundoff errors



In the second and preferred direct digital design method, these issues call be addressed because

information about, their effects is available in the design process. In the direct, approach, the plant,

is discretized by transformation to either the z-plane or the w'-plane and the design is executed

[18, 20, 16]. Here, as mentioned above, the design process is more difficult. Pole-zero loop shaping,

required in a. z-plane design, is a much poorer method of coping with plant, parameter uncertainty

[17]. Since QFT is formulated to take advantage of Bode frequency response shaping techniques,

transformation to the w'-plane, because of the similarity between the w'-plaue and the s-plane, is

the preferred digital QFT approach. This is in fact exactly what, is done in applying QFT to flight.

control design problems.

The Lambda plants, for this study, are digitized and the design executed in the w'-plane.

Capt Ot.t., in his design effort, digitized the plant first in the z-plane and then transformed it., by

"se or the bilinear transformation, to the w'-plane [29:3.1-3.11]. He had some numerical difflculty

with this that unfortunately plagued the rest of the design effort. Lt Hamilton, however, was able

to employ the llofmann routine (9] to transform the continuous-time )lant to the w'-plane and was,

able to avoid the problems Capt Ott had in forming the w'-plane transfer functions [8].

QFT is applied to square (n = Pi) system plants with n inputs and in out.puts. Whenever

i > )m inputs are available to control in outputs, a decision is made as to how to use the ext.ra inputs.

This is always the case no matter what design technique is employed-[17]. For most.flight, control

problems, it is desirable to use all available inputs. For the QFT flight control design problem, all

planl, inputs are used by designing an mmmxn weighting matrix A to blend these a inputs into in

effective inputs. It is apparent that forming the equivalent QFT plant (PA) produces a variation

of the original system plant. and thus selection of the weighting matrix is critical to maintaining the

integrity of the original plant,. A further consideration on the weighting matrix selection is-that the

determinant of the resulting nixm effective plant is prcfcrably miniimum phase or, in other words,

the determinant must have ?' i zeros located in the right half s-plane for a continuous-time design
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or il tIhe right. half w'-plane for a discrete design [6:300]. Prefcrahly miinimum phase implies i.hai1,

certain non-minimum phase characteristics can be dealt with.

In one of the first digital QFT flight, control sysfem designs, Maj Arnold used a A matrix

of plus ones, zeros, and minus ones whose elements were assigned based solely on physical insight

and on the part.icular aircraft-specific control knowledge [2]. Later, Capt Clough adjusted tlhe

magnit udes of the elements t~o other than ones and zeros in his A matrix using basically a trial a-"!

error procedure with favorable results [4]. Other later efforts tried to improve the trial and error

procedure. Lt. Hamilton made good progress at. identifying some possible analytic apl)roaches to

improving the A matrix trial and error selection process [8]. The weighting matrix selection for

QFT compatibility is probably the single most important part. of the overall design effort. (18].

1.3 Problcm-

The purpose of this thesis is to design a three-axis rate-commanded flight, control system

for the Lambat URV. A rate-commanded flight, control system is one where the pilot, commands

pitch-rate ( q ), roll-rate ( p ), and/or yaw-rate ( r ). Two factors motivate this study. First,

Lambda uses no eompensation between the pilot and the effectors. As a result, the pilot must,

provide the compensation required to attain noninteracting three-axis responses. In the lateral

mode, this requires-simultaneous actuation of the ailerons and the rudder to produce either a pure

roll-or yaw. To produce a pure roll, for example, the pilot must actuate the ailerons, interpret, the

aircraft. motion, and apply the appropriate rudder command to counter the adverse yaw induced

by the ailerons. Properly designed feedback control laws do this automatically. Second, without a

basic core flight control system, the planned autopilot function enhancements would be much muore

difficult, t~o design and implement.

Discrete QFT is used to design the compensators and pre-filters needed to implement. the

control laws for Lambda's response to pilot three-axis rate commands. Six flight conditions are
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used in the design to provide the b)ounds of plant p~arameter uncertainty. They are derived front

variations in airsp~eed, total aircraft. weight, and center-of-gravit-y ( CG ) location.

1 Skope

The focus of this thesis is the applicationzof (discrete QFT to the t-ask of designing a non-

interacting rate-cominandled flight, control system for the Lambda URN7. Special emplhasis will

be on invesigating directly the prc bleiis associatedl with meeting the dlesign criteria for a -

p~lane discrete design with effector and sensor dynamics included in the syst-em plant.. Prior theses

have dlocumentedl problems in this area [8, 29]. Issues associated with implementation of t-he

controller and- prefilter designs such as finite word length limitations, rounding errors, etc. will not.

be addressed. Implementation issues directly impacted lby the design, such as compensation order

and dilrerence equation accuracy requirements, will be coordinated with WRDC/FIGL since t-his

dlesign will be codled on the flight control computer aboard Lambda and flight testedl.

1.5 ASS11m1plwnls

This thesis uses a time-invariant, linear state-space model for the Lambda URNI provided by

WUDO/IOL.A number of-assumptions are generally made to simplify the system model for (,his

typ~e of design problem. Below is a-list. of all -the-assumptions that app~ly for this stud.y.

" The EOM are time-inivariant and linearized about a nominal or frim flight condition so that
small-angle perturb~ation models are valid

* Elfectors (control surface actuators) are not, driven to saturation by commnand inputs t-hus

invalidating the assuined- linear model used for the design process

" Aircraft, mass is constant during commnand-input

" The aircraft. is a rigidl body

" The earth is an inertial-reference frame



" Thie atmiosplhere is fixed in relation to the earth

" Aircraft thrust is constant.

Additional a.5sumptions pertinent to the control system design are:

* True commanded inputs andl the conlmanuled outpjuts are measurable

* Three-axis rate signals (q, p and- r) an~d bank angle ( ) are available onl tile Lambda URV

-0 The effectors call be individually operated

* All signals and system elements are Laplace transformable

" A samipling rate of 60 Hz is implementable onl Lambda

1.6 Approach

Discrete-time QFT is used to design a diagonal three-channel cascade compenfsator and pre-

filter. The basic continuous-time QFT block diagramn for a three channel MIMIO systentike Lambda

is shown in Figure'1.2.

G(s) Pe(s) y()

Figure 1.2. Continuous-Time QIFT Block Diagram

QFT is used t~o synthesize the F(s) and G(s) in Figure 1.2. In the most general case, F(s) -and

G(s) are nmen dimensional matrices of prefilter and compensator transfer functions-where 11 is-time

dimension of thme plant. P,(s). Pe(s) dlenotes the effcclive system plantand it, must, besq(uare. This

reqluirement is addressed later. Thme Pe(6) notation inlies- a variation from thme original system
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pat;more precisely, it is the squared dlowni nxi version of the system. For the manjority or system

dlesigns, and normally as a first cut, the off diagonal elements of-F(s) and G(s) are-not needed andl

thererore-diagonal F(s) and G(s) are synthesized. it is-three for this study.

The basic steps t~o completing this QFT design are:

1. Form the s-plane p~lant, transfer function miatrix-for each flight Condition

2. Apply effector weights t~o blend the effectors suich that a new effective plan. matrix is formed
having the desired rate command inputs of q, p, and r

:3. Add thme effector and rate sensor models to thie effective plant matrix and transform this
system to the w'-plane

4. Determine if IPe(s)I is NIP and, if-not MIP, adjitst the elements of the weighiting-matrix A(s)
until ]IP,(s)I is MP or almost MIP

5. Invert thme w'-plane-system plant. and apply continuous QFT methods to design the first, loop
comp~ensator and prefilter

(3. Apply time miodified QFT design technique to the second and third ioops in succession

T. Simulate the w'-plane design for verification

8. Transform the w'-plane compensators and prefilters to Clie z-plane and simulate the hybrid
system (discrete jprefilters and compensators and a conitinuous-plant)

1. 7 Presentialion

This thesis contains seven chapters. Chapter 11 pjresents the -Lamibda URV aircraft. Thme

models used and the effector deflection sign convention are given. The pre-QFT design- weighiting

mat-rix synthlesis and the resulting effective QFT design p~lants are fully dleveloped. Chapter I

presents the (discrete QFT theory applicable to this study and Chapter IV describes thme actual

QFT cascade comipensator and jpre-filter-designms. Chapter V ()reSCnts-thC designi sinulation results.

Trhe complleted dlesigns are simulated on-a SUN III workstation running SUN OS version 4.1 with

the C AD/CAE programn Matrix,, (23] SUN workstation version 2.03. Chapter VI presents a wig
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leveler autopilot design and simulation based on the implementation of the rate-commanded system

designed in this thesis. Finally, Chapter VII presents a summary of the highlights of the study, the

conclusions drawn and recommendations for future progress.

1.8 Notation

Some of the standard notation used in this study is given below. This list, is not all inclusive.

Notation used for the QFT design process is generally standard QFT notation as it. appears in the

literture and its meaning will be specified as it appears in this writing.

" Scalar variables and scalar components of vectors and matrices are denoted by upper or lower
case ialic t.ype

" Vectors are denoted by lower and upper case boldface letters

" tipper case vectors have s-plane, z-plane or w'-plane transformed elements

* Lower case vectors have time-diomain element variables-or are frequency plane elements of a
matrix or vector

* Matrices are denoted by upper case boldface letters

" Matrices will contain either time-domain or frequency-domain elements. A(I), A(s), A(z),
and A( t') denote a matrix with time-domain and s-plane, z-plane, and w'-plane frequency-
-domain elements respectively

" When the independent variable is not, given the time-domain is usually assumed unless the

frequency domain is indicated by the context

* ad[A] denotes the adjoint, matrix of A and adji1 [A] denotes the ij element. of adj[A]

" A-' denotes the inverse matrix of A

" A1' denotes the-transpose of a matrix or vector
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HI. The Aircr-aft

This chapter presents the aircraft m~odels usedI and the development of these models t~o a

formi compatible with the application of discrete QFT. Thle basic aircraft model is given in state

space and all system lparalieters identified. QFT is a frequency domain technique and thus the

p~lant. transfer function matrix P(s) is develop~ed. For QFT application, the plant transfer function

niatrix P(s) nust, lbe square. Tliis is not. generally the case in most. flight control aIpplcations so

the p~lant must. lbe made square lby post-miul tiplyi ng P(s) by a weighting matrix A(s) to form a

square effective plant matrix P,(s). The A(s) mnatrix selection used in this thesis is p~resentedl.

Finally, the effector deflection sign convention, the effector actuator miodels and the rate feedback

sensor models are given.

2.1 Aircraft Model

The aircraft, usedl in this thesis is the Lamibda URV owned by the Flight. Dynamics Laboratory

(WRIX7FIGL) at Wright-Patterson AFB, Ohio. It is a small (14 ft wing span) unmianned pushecr

propeller dIriven radio-controlled flight research vehicle. Appendix A lists somne of Lambdas known

p~erformance specifications.

True aircraft model used is provided in the state space form of:

k(t) = A x(t) + B u() (2.1)

y(t) = C x(t) + D ui(t) (2.2)

where

" X(1) is the state vector (8xl)

* 11(t) is the input or forcing function vector (Tx1)

" y(l) is the output vector (3x1)
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* A is the plant dynaiin atrix of constant coefficients (Wx)

" B is the inp~ut or forcing function matrix. of constant coefficients (Wx)

" C is the output matrix of constant coefficients (Wx)

* D is the input. or forcing function feedforward inatrix of constant coellicients (3x7)

T1hie aircraft. model has no iput feedforward elements andl thus D = 0 so that the state sp~ace

model for the 1)1W becomes:

k(t) = A x(t) + B vi(t) (2.3J)

yMt = C xMt (2.'l)

The aircraft state space model is derived fromn the aerodynamic stability and( control deriva-

tive (data generated by the Digital DATOM CAD package used to dlesign Lambda. This model

r(-jireseInts the linearized time-invariant smiall-angle perturb~ation equations of motion. Numerous

textbooks and other sources exist that fully lpresent-tlle derivation of a generic perturbed EONM set

and it~s representation in state space form. References [3, 7] are used ini this thesis.

Thle aircraft system lperturb~ation states and the engineering units for each perturbation state

variale of this model are shown- in Equationi 2.15. By definition, a perturbed EONI set has zero

initial conditions so that:

xo = 0 0 0 0 0 0 0 0i

True p~erturb~ation states (x,,,.g) -thierefore represent changes in the aircraft motion from the trim

conhi tion ab~out which the p~ertutrb~ed EOMI set is derived. The true systemn-states are a comblination
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of (Ihe trim Conidit ion states and the p~ertutrbed'( states and are represented as:

Xtrge =Xt,.im + Xpert

0(1) pitchi angle (rad)

11(t) forward velocity (f'~

a (t) angle - of - attack (i'ad)

q(t) pitch r'ate ("d)
X(I) =f (2.5)

0(t) bank anqie (rad)

/3(t) sideslip angle (rad)

PM r'oll rate ("d)

?,t)yawv rate(!)

Lambda has seven effectors (control surfaces) and each one is used as an inlput, to this aircraft.

model. These effector inputs are:

61Lt left elevator (i'ad)

bCR(t right. elevator (rad)

bf1 ,Mt left flap (r-ad)

ti(t) = f M1 R iHM flap (r-ad) (2.6)

b.L (t left ailer-on (i'ad)

6 .R(1) right aileron (i'ad)

6'.(t) rudder (rad)
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Theo outpu(.s controlled in a rate-comminded flight. control system are:

q(t) pitch rate ("d)

y(t) = p(I) ll11?.Oe (!:,) (2.7)

r(t) yawt rate(!.i)

Trhe plant, matrix P(s) of system transfer functions, assuming zero initial conditions, is derived

froin E quations 2.:3 and 2.4. In Laplace transform notat-ion, these eqluations b~ecome:

sX(s) = A X(s) + B U(s) (2.8)

(sI - A)X(s) = B U (s) (2.9)

X(s) = (sI - A) 1 BD U(s) (2.10)

Y(s) = C(sI - A)-'B U(s) (2.11)

Y(S) = P(s)U(S) (2.12)

and therefore the p~lanlt matrix is written as:

P(s) = O(sI -A) 1'B (2.13)

Dimensionally P, for the Lambda URV, is:

IPM)= C3ars[(sI - A)-1 ]t3,rB 8xr7  (2.14)
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The individual elements of P are all functions of the Laplace variable s and relate each system

outp1 ut to each system input. P(s) is thus represented as:

q(S) P(S) 118)
& tL(S) 6e L (S) 6,1L(s)

q(S) P(S) )-(S)
6eR,(s) (S) b, R(S)

q(S) p(s) i'(s)
6f1,(s) fL (S) 6A(S)

P (S) =q q (s) J . (s) (.5

b61R,(s) 61R, (s) 6 fR.(s)

q(s) ))(S) i'(s)

6 L (S) 6aL (S) &aL(S)

q(s) p(s) r(s)

&,a(s) b.. (s) b.,R(s)

q(s) As() 1.00

6,.($) 6,(S) &( S)

2.2 Effectlor Actuation. Sign. Con tienhuwm and Angle Limits

The effector actuation sign convention- used in the Lambda aircraft model is showni in Figure

2. 1. The effectors on Lamibda. have the following deflection angle limits.

Elevator Rudder
Aileron

lp 
Flap

Forward Forward

Figure 2.1. Effector Actuation Signi Convention

Elevators - ± 15* (+- 0.26 rad)

Flaps - +00 * -20' (+0 rad =: -0.35 i'ad)

Ailerons - +150 =: -10* (+0.26 rad = -0.17 t'ad)
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IRudder - 250 (+ 0.44 i'ad)

Actuator rate limits are not. reqjuire(. Wue to the small physical size of Lambda and are niot used in

this Study.

2..3 Effector Actuator and Sensor Models

This study accounts for the effects of effector actuator and rate sensor dlynanmics. A second

order actuator model identical for all seven effectors is used. The model is:

bactuato,.(s) _324

6cmnd(S) 82 + 25.4s + 324 (.6

G~yros provide the three-axis rate signals for feedback to the URNI flight. control system. The gyro

dynamics are modeled as:

RATE 1u,,o(s) _ 50

RATEnd(S) T +50 (2.1

Wihseven effector actuators and three sensors, the basic (uncompensated) Lambda URV model

in Iblock diagram form is shown in Figure 2.2 on page 2-7. In matrix notation, the- actuators and

sensors are rep~resented as:

10 00 00 0

0 100 00 0

S2+2.+324

ACT~) = 0 0 0 1 0 0 01 ~ 2.s32I(.8
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b~tL(S)

bf, (S)

Ple(s)SE)s

Figure 2.2. Basic IURV Model WVith Actuators and Scnsors

1 050
SEN(s) = 0 1 0 s50 (2.10)

0015

2.4 Flight Conditions

Successful appllication of QFT relies on-having knowledge of the bounds or the variationt in the

plant parameters. This study uses six flight conditions to quantify the plant, parameter-uncertaint-y.

These six flight, conditions are selectedl as the very ext remnes of the flight. envelolpe. Since the -11TI\7

is flown close to tie ground, altitude is not, a significant variale in its flight, enlvelop~e. Instead,

airspeed, (~4location- and -ross weight arelthe -variables that most affect thle plant- variation and

thus the particular flight condition. Table 2.1 shows the mnaximum,minimium and nominal valutes

for thiese parameters. In that table, MAC refers to the ineait aerodynamic chiord. Refer to Appendix
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A for these and other Lambda aircraft data of interest. Table 2.2 gives the flight conditions used

to generate the six Lambda plants used for this study.

Table 2.1. Maximum, Minimum and Nominal Lambda Parameters

__ Minimum Maximum Nominal

eeight (lbs) 150 200 168
CG empty fuel (W.) " 26 41 N/A
(G full fuel (%) t 32 47 32

Speed (knots) 45 100 N/A

t % of MAC aft of leading edge

Table 2.2. The Aircraft. Flight. Conditions

Plant.# SeedF CG Weight, ao CL [ L C',I C1111 0
11 (kts) (% MAC) (lbs) I I I I I

1 40 50 150 10.40 1 1.289 1.091 0.0653 -1.528
2 100 50 150 01.64o 0.210 1.806 0.0615 -5.266(5 fl
3 100 25 200 -0.960 0.280 1.94 -0.0072 -6.133
it 70 50 200 1.90 0.564 1.554 0.0682 -4.527
5 70 25 150 0.5560 0.427 1.769 -0.0448 -5.595

6 If 70 25 150 0.5560 0.427 1.769 -0.0448 -5.595

tNot.e that. plant #5 and #6 appear to be the same. Their flight
parameters shown in Table 2.2 are identical however changes were
made to the stability derivatives such that. plant. #6 represents the
very worst. case combination of the derivatives C,, I Cio , IC-2 I

and Ci, .

2.5 Effective Plant P,(s)

QFT application requires a square nxn plant.. It. must. be square because tihe QFT design

equations require the inversion of P(s), the system plant. For systems like Lambda where the plant,

is not square, and where the number of inputs exceeds the mumber of outputs, am effective system

plant.-is formed by means of a weighting matrix-preceding the plant. Lambdas-basic system with

dimensions is represented as:

Y3,1(8) = P 3x7 (s) UT.rl(S) (2.20)
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T11w effective system plant is formed lby blending the seven control inputs into three offective control

inputs with a weighting mat-rix A(s).

U-,()=A 7.000(s V3,1j(8) (2.21)

Substitute Equation 2.21 into Equation 2.20 such that:

ya~.i(S) = Par7(s) A7 ,~3(S) V3, 1(8) (2.22)

and rewrite Equation 2.22 so that:

Y311(8) Pe!.,($) V&!1 (S) (2.23)

Where

Pex3 S)= P3Ars) A7 ,~3(S) (2.24)

P,(,,) now becomies the squared down effective p~lant complatible with QF'1 design application. The

ouitputs or P,(s) are the desired three-axis rates q, p, and r and the inputs V(s) to the effective

system niow are three-axis rate commands. Figure 2.3 shows the effective Lamibda, model after

b~leniding the seven effectors.

The last, step in the development of Pe(s) is to incorporate the effector actuator and rat-e

sensor signal modlels. Figures 2.2-and 2.3 show that the rate sensors are phiysically locatedl in the

feedback loop) of the URV model. This is not a p~rob~lem since QFT comp~ensationl synthesis relies oil

shiaping (lie open 100o) HPeG and therefore, specific ltacemnit of the 100o) elenments in the forward

b~ranch before A or in the feedback branch after H dloes not, matter. Figure 2.3 and Equations 2.18
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und 2.19 are used to develop P,(s) with actuators and rate sensors included.

Pe(S) = 131t3 " ]P 3.- 7(8) 17.v7 [ 3241 4 ~r( (2.25)

IPIS) Px7() -,x( r (324)(50) (226
Pe(S) Paa~s A (S 2 + 25.4s + 324)(s + 50)(22]

Oue actuator/sensor model is cascadedl with eachi element Of (PA)3.a(s). From this point, on, the

elffclitie plant Pe(s) is assumed to hiave the effector actuator and sensor model includled.

qcmd~s)Pqs)

If eed(s)

1P1eed(S) .4 SEN(s)

Vfeed(S)

Figure 2.3. Effective QFT Plant Model With Actuators and Sensors

2.6 The licighting Matrix A(s)

(:"oinloneInt selection for the weighting matrix A(s) dleveloped in the p~revious section is very

critical to thme success of the (v, rall design. A(s) is normally u-sed to achieve the most. efficient use

of thme available control system effectors compIJatible with a iimumiiii-phase (MP) or alnmost, All

planmt. A All) element is one that has nmo right half plane ( RUP ) zeros.
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The critical requirement in selecting A(s) is that the resulting IP,(s)I be preferably minimmi

phase ( NIP ) or have only far-off RHP zeros (almost NIP). The benefits of feedback are severely

reduced or nonexistent in a non-minimum phase ( NMP ) system depending on the location of

the NMP zeros. Tile requirement for a IP IPe(s)I comes directly from the derivation of the

MISO (nulliple!-input.-single-out.put.) equivalent design equations for the MIMO QFT system. This

requirement is findamental and applies to ALL linear time-invariant compensation techniques, not,

just. QFT. In fact., QFT has the ability to extract, the maximum attainable feedback in a NMP

system [17].

In the QFT MISO loop transmission synthesis, the design equations use the Q(s) matrix.

Q(s) is related to Pe(s) in the following way.

)i.,(s) q,2(s ) ...(s) .I. ,.(S)

p-1s8)_ = (1s) ,2(s) ,2(s) ... P '2,(s) adj[P .(s)] (2.28)

P! I K 1,,(S) ... X,,js

ql.l() tra,2(S) fc qa ,j ( l) () o
I'2,1i8) l'2.2ts) ... qj,(S)

=11 _1I 1)

Qqjs) (Sj)s) a ,j.Etd)I (2.28)

qi,l(S) qi,2() ... qi,j(s)...L ,i
s 

L- 2
s  

I' ,j(S J

Tile MISO equivalent plant transfer functions are the elemnent~s qij(s) of Q(s) such that,:

qij (s) (2.29
qli~ ~ps) = , (S) = adij [P, (s)] 2.9
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Equation 2.29 demonstrates that. the NMP claracteristics for the QFT design elements are cout-

tained in JP,. Rewriting Equation 2.29 ini terms of A and P gives:

I IP(s)A (s)
qjj(s) = i(-~) = adj1j[(PA)(s)] (2.30)

Equation 2.30 shows that. the selection of A(s) will affect the NMP characteristics of the design

element qij(s) and thus A(s) must be selected to yield a, IP or almost NIP (far-oflfRIIP zeros)

IP.(s)I.

The Binet-Cauchy theorem [22] is applied to the problem to initially test. for the existence of

a weighting matrix that. will produce a P JP,1. The theorem states that if the determinant, of one

of the nx'n submatrices of P (the basic system plant) is AIP then a weighting matrix does exist, that.

will produce a NIP IPI. Even if the plant fails this test., it may still be possible to achieve a NIP

IP, . The theorem thus-is a sufficient, but not necessary condition for the existence of a satisfactory

weighting nuatrix. It. verifies the existence of a satisfactory weighting matrix but. yields no insight.

into the selection of its elements. All plant cases for this study showed that. a satisfactory weighting

matrix exists.

The NMP requirement on the selection of A(s) can be relaxed somewhat given knowledge of

the exact location of the NMP root(s). If, for instance, the NMIP zero(s) are located far enough

from the origin so that their phase contribution is negligible in the passband of the system, then

those NMP characteristics call be dealt with [17]. Jf the NMP zero(s) are close to the origin, thent

the A matrix selection may be unsatisfactory. NMP zeros VERY close to the origin can, in most

flight, control applications, be acceptable [16].

As noted in Chapter 1, the weighting matrix selection has received some attention in past

studies of QFT flight, control design. Results from those studies show that, a successful weighting

matrix selection may be achieved by analysis of the particular problem and a familiarity with the

flight, vehicle. Analytical techmiques exist to aid in this process [8:21-42], however, some cut and
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try is presently still required.

The focus for the weighting matrix selection in this study is to select as simple a A as possible

that results in a MP IPl. Optimality is not considered. The selection criteria are as follows:

" Do not consider frequency sensitive elements

* Use elevators as the primary surface for pitch-rate (q)

" Use ailerons as the primary surface for roll-rate (p)

" Use the rudder as the primary surface for yaw-rate (i')

" Weight, the primary surfaces with + or - I

" Weight. secondary surfaces a magnitude lower than the primary

" Use flaps only as a secondary surface to aid in generating roll-rate (p)

" Select weights that. make the surfaces work together

The rows and columns of the 73 constant. coefficient, weighting matrix, developed in Equation

2.24, associate each output. with each effector as shown in Equation 2.31. For example, elenent

d1,1 weights the amount of left, elevator used for generating pitch-rate. Element dG, 3 weights the

amount. of right, aileron used to generate yaw-rate and so forth. With the above criteria, some

elements of the weighting matrix are selected and shown in Equation 2.32. Plots -of the basic

system P for each flight condition are studied to aid in this selection and the formulation of the

above criteria. Note the independent variable (s) is dropped since frequency sensitive elements are

not. used.
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q p 1'

d ,Jts) dl,2(s) dj,3(s) € S

d2,1(s) d.,2(s) d2.,3(s) =

d a (s) d3,2(8) d1,,3(8) €= L(2.3 1)

AWs) = d4,1(s) d4,2(s) d4,a(s) €

d5,(s) ds,2(s) d5,3(s) o

d6,1(s) d6, 2(s) d6,a(s) €

dr-"l(S) d7,2(s) d7,3(s) : ,

-I 0 0

-1 0 0

0 O.1 0

A = 0 -0.1 0 (2.32)

-0.1 1 d.5, 3

-0.1 -1 d6,3

0 - 1 d-, 3

Ekva.ors are used only to generate pitch. They are otherwise ineffective in producing roll or

yaw even when independently controlled and are not used for that, purpose. Flaps are used to aid

in producing roll ouly as a secondary effector. They deflect down only and induce the -largest, drag

of all the effectors. The X' derivatives in Table B.3 in Appendix B show the relative drag penalties

associated with actuation of each effector. Ailerons are the only effector weighted for each ottl)Ut.

The ailerons effectively produce both roll and yaw. They have a much smaller drag penalty andare
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thil. used t~o aid in generating pitch. Studies of the basic plants revealed that. p~roducing a yaw rate

with the rudder compjarab~le in magnitude to the roll produiced b~y the ailerons, required a weighting

magnitude of 5. T1his weighting is justified by the fact that the rudder dleflection limits are greater

thain that. or the other effectors. Weights of 0.5 are used for generating yaw with ailerons to keep

that secondary surface weighted at one mlagnitude less than the rudcder.

Weighting matrix element signs are selected based on bode p~lots of tile b~asic lants. The

elemenlt-s (17,2, dr5,3 andl dc,,3 violate the last. selection criteria slightly. The -1 weight. onl d-,,2 works

t~o correct the adverse gaiv induced by actuation of the ailerons. The signs onl t-le elenments d.3 and

d6,,3 work to correct. the roll resulting from a commanded yaw. The weighting mnat-rix used for thme

remaindekr of this study is:

-1 0 0

-1 0 0

0 0.1 0

A 0 -0.1 0 (2.33)

-0.1 1 -0.5

-0.1 -1 0.5

0 -1 -

The longitudinal and lateral modes of time Lambda model used in this thesis are completely

(hecoupled. Refer to Equations 11.3 and B1.4 ini Appendix B. A block diagonaLP, results wvhen the

above weight-ing mat11rix is applied to the sy-stem. The effeclive plamits for this study have tile form:

PIA~S) 0 0

Pe() 0 P2,2(6) P2,3(8) (2.:34)

0 P3,2(S) P3,3(S)
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'Piw zvro vivnieiits of columnn one in Equation 2.11 tire always zero except for plant. #2. Nonsym-

metric coefficients for the ailerons in the B mnatrix of plant, #2 produced -60 dB responses where it

should have been identically zero in the first. column of the plant mnatrix (see the boxed eceilicients

in the B miatrix for plant #2 on page B-T). This was a minor error iin the original dlata provided by

NI)CD'/FlGL that was niot discoveredl until after the design work was dlone. Further investigation

into the significance of this error showed that it would not affect the (designi at, all anid tit , the

error was not corrected. These plant elements are applroximlated as zero for the design synthlesis.

Trhe zero elements in row one of Equation 2.34 are actually nonzero for all plant cases. T1'le

responses for these elements are very small (-300 dB) andl are thuns app)roxiimate(I as zero.

Refer to Appendix C for listings of P,(s).

2-16



III. Discrete-Time Theory

This chapter presents the theory dlirectly related to this study. It's assumed the reader is

familiar with the basic continuous system MIISO (multiple. input-single-ou tpu t) and IMAO QFT

design miethods. If not, theni Chapter 21 of the D'Azzo raid Houpis text. [6] is a good lplace to start.

A more detailed treatment of the QFT ISO and-MIMO dlesign methods ini addition to the issues

with its discrete-timec application are found in a Flight Dynamics Laboratory technical relport [19].

Numerous references exist for (liscrete-time samled-(lata control system analysis and design. For

this thesis, references [6, 21, 20] are used. A comp~lete treatment of the QFT design prIocess and

discrete QFT design methods is found in references [10, 16, 12, 13].

.1.1 Sa mpled-Dala Theory

3.1.1 .Samipkd-Dala Signals. Consider the sampled signal in Figure 3A . Assume the

e(l) e* (1)

Figure 3.1. Sampled-Data Signal

samp~ling lpulse is mnuch smaller in width than the pulse p~eriod so it is well approximated as an

ideal sampler. The continuous band-limited e(t) contains a frequency spectrum or fmindamenll

spectdru~m. A hand-limited signal hias-no frequiency components above w, racl/sec. Ideal sampling

of this signal p~roduces both a fundamental spectrum and replica complimentary spectra at, multiples

of time sanmling frequency dmmw, If w, is not high enough,the complimentary spectra will corrupt.

the fundamental and ' alasing occurs in e* (t). In a digital flight control system, this high frequency

tlieising canm result in the shifting of high frequency p~lant and actuator dlynamnics into thme low
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Frequency Control ss.Conl band and thus in(eiire with Us proper operation [32:38]. If' W, is lar1ge

eniough, the comlimentary spectra dio not corruplt the fuindamental and a low-pass filtered e*(I.)

will have the same frequency content as the original c(t) [20:82-87).

Shannon's sampling theoremn guarantees that e(l) can lbe reconstructed after sampling ii' the

signal is samp~led at greater than two times the band-limited frequency [20:87-88).

w, > 2wc (3.1)

3.J.2 Zero-Order hold. The zero-order hold (ZOII ) device converts tlie impulse trainu c*(/)

into a pseudo-continuious time signal approximnating the original e(t). Very simply, the ZOII holds

(lhe value of tlhe last impulse until the n~ext impulse is received. As the niame implies, a zero-order

hold will pass, without distortion, a constant or zero-order polyniomial.

The fundamental spectrum of the samlplecl-data compensator output signal e* (t) is what (lhe

conutrol system designer has synthesized for input to the plant. The higher frequency complimenitary

complonient~s resulting from (lhe sampling p~rocess are thus not desirable elements of the compensator

output but are never-thl e- less still p~resent. Low-pass filtering e*(I) so that only the ftundamental

sp~ectrumu is p~assed will acceptably reduce its high frequency complimentary spectra elements. It

is true that. control systemn plants are inherently low-pass, however, these low-p~ass characteristics

are usuially nuot sufficient to completely minimize the effects the complimentary spectra cani-have

on thme system. The p~lanlt must see a filtered e*(t). A ZOH device is inherently a low-pass device

and provides low-pass filtering to ami input sampled-data signal. With a ZOIT device b~etween the

dliscret~e compensator and the system plant, the control samnpled-data signal is properly low-p~ass

filtered.
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Thle tranisfer function for the ZOIT device is:

(izorl(s) = -T (3.2)
8

For physical reasons, it is not desirable to apl)Iy narrow p~ulses to a continuous platit [17]. A

ZOII converts the dijscrete signal pulse train to the pseudo-continuious time signal reqluiredl for driv-

ing a continuous syst-em and is normally always usedl for this reason. Its low-p~ass filtering nature is

a desirab~le secondary characteristic andl accep~taly filters the effects of the high-frequency coniIpli-

nientary spectra. of a saniipleci-data control signal. Onl Lambda, the controller will lbe imp~jlemen~ited

in software so that. the control signals to the plant will lbe discrete. A ZOI1 (device is assumed to

exist between the onboard computer and1 the control surface actuators.

3.1.3 Disecle Planes. The finial compensator designs for this study will 1e implemnented

as dlifferenlce equlations (lerived fromi their z-planie representation. The relationship between tlie

z-plaiie and the s-plaiie is:

ze Ts (3.3)

where 7' is the sample period. This transformation inaps the entire left-half (stable) s-plane into

the z-plane unit, circle and the right-half (unstable) s-plane to all the area outside the unit circle.

The location of the Ipoles and zeros in the z-lle are affected by the sample tinie T such that as

the sample tile dlecreases, the poles and zeros migrate toward the +1 :k jO point in the z-planie

and more significant. figures are required to p~rop~erly maintain the z to s plane mapping. For this

reason, z-planie design canl be tedious and error pronme.
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A bilinear transformation fromn the z-plaine will mnap z-lplane p~oles and zeros into the discrete

wl-plane. Th'lis transformiation is:

2 2z -1 (.3.4)
T -+ I
2 + it'T(35

- 2-w'T(.)

WI-plane similarity with the s-plane is the most dominant feature of this transformation. As

sampjle limec ''decreases and alplroachies zero, the iv'-planie approaches eqIuivalence with tile s-jplane.

Equation 3.63 is given to show thle relationship between frequency in thle s-lplane, frequency in tile

W'-I)Iaie and sample time.

2 tan (36
WWII) T2(36

WVhiei the wl-plane and s-plane are compared like this, the entire w'-plane imaginary axis iflills

onto tihe imaginary axis of tile primary strip) of thie s-plane. Thle primary strilp is ± jw,/2.

QFT was formulated for applicatiomn in the s-lplaine. In certain cases. time tv'-plane and thle

s-plane are accep~tably equlivalent so that-continuous QFT methods canl be emplloyed for a discrete

design. The similarity between the w'-planie and time s-plane for a given p~rob~lem, is dependent

onl the-sampling rate and the frequency content of the system plant. If thle pl)0es and zeros of

thle system plant lie in the primary strip of the s-plane, then a w'-lplane transformation will be

accep~tably equivalent to the s-planie provided the sample rate is low enough. Since the s-lplaile

comipliment~ary strips also mnap onto the entire w'-plane imaginary axis, its obviouls that tile iv'-

plane trainsformation of a p~lant with poles or zeros in the complimentary strip) of tile s-plane may

not be accep)tably equivalent to the s-lle. If thle design method requires 0u -- s then a samplle

rate that places all thle system p~oles and zeros in the primary strip must. be uised. There is a trade-

off hiere. As sample rate increases, equivalence with the s-plane (decreases and significant. warpiaig
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occurs. So, systiem plant's with high frequency components may not be acceptably t.raisforinalh to

the w'-plane for design synthesis. A sample rate of 60 Ilz is used for this design. With that sample

rate, all the poles and zeros of each of the Lambda plants lie in the primary strip and t' p s.

Transformation to the z-plane and then to the w'-plane can still be plagued wit, h numerical

problems for tie reasons mentioned above. The Iofmann algoritin, introduced next., is a way

of t-ransforming a system from s > z w without the numeric problems of an intermediat-e

z-plane plant. representat.ion.

3.1.4 Hofmann Algorithm [9]. With the zero initial condition Laplace transfornied stat.e

space system:

sX(s) = A X(s) + D U(s) (3.7)

Y(s) = C X(s) + D U(s) '(3.8)

ad I he transformat-ions in Equations 3.3, 3.4 and:

lo' = 2 tanh (3.9)

the w' transformed state space system can be derived.

wX(01) = t anh(-) X(u/) + - -T-J -- ] tanli (AT)BU(t,') (3.10)

Y(t') = CX(wv') + DU(,') (3.11)

These equations are rewritten in terms of the key system matrices of A* and B" where A* and B*

are functions of the hyperbolic tangent and the A matrix so that.:

U'X(w') = A*X(w') + [- BT]BU(,') (3.12)
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Y(tv') = CX(tv') + DU(tv') (:3.13)

and (

A' = A AT 'tainh T = A A, 311
1 2i 2)

B'. = AT 'tanli AT) B = Ae BD:.5

Computation of the w' systemi with an intermediate transformation to the z-plane andla b~ilinear

tranisfornmation to the w'-I)Iaie is not numerically rob~ust. Hlofmann's paper p~resents a robust, time-

scaledl recursive algorithm for c6inputing Ae shown ab~ove. In this thesis, a six termi Taylor series

ap~proximlation for A, is usedl.

IrAT1 2+2I :T ]'1AT14  +r i 12r[AT]lb 112 AT 10
A, 3 -2 5 2 3-15 2j 2835 2J 15-5925 IT (3.(3

The six termn Taylor series is used since it is so easy to implement in Matrix,. Experimentation

With fewer termis shows that the first two terms of this series provide an acceptab~le transformnationm.

Equations 3.12 and 3.13 are rep~resented in the standard form of:

Y(Iw') = P(wv') U(11') (:3.17)

where

P( ui') = C, [01' - A,,,,]- Dj + D,, (3.1IS)

A,, A* = AAe (13.19)

B,, B' A'B' AB - TAAAeB (3.20)
2 2

=tp C (:3,21)
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T T
D,,, = D - TCB* B - 0AB (3.22)

llofiiaiiis algorit-hm transforins the systemi with the assumiption that, the input, is piecewise conm-

st-ant. let-wen samiples as is usually customiary. This assumiption incorporates data-hold or Z011

wvith1 the systeml plant.

pe(S) 11lofinanni Algoih [ Gzogipe] (11') (3.23)

In thme paper liofinana ist-ates "all effects of sanipling and data-hiold operations are emiiiodied inm t-me

(AlT/2)-' tanhl(AT/2) factor and the zeros, [I - w'/(2/T)], of the w' domnain input-out-put, syst-emi

rep~resentation". Thus the Hlofiiaiii algoritlun robustly transforms a continuous systemi to thie

discrete w'-pwmne and includes a ZOI- iin the discrete result. This algorithmn is easily imiplemiented

onl Matrix,,. A smnall Mat-rixy lprogrammi based onl the equations presented above, transforms thme

Lamubda. plants to the w'-Iplane and is shown below:

// Hiofmuann Algorithm for Matrixx
t'm1/60;
Ea,b,c,dJ-split(s,ns);
aem~eye-i/3*(a*t/2) **24;2/15* (a*t/2)**4 ...

-17/315* (a*t/2)**6 ...
+62/2835*Ca*t/2)**8...

-1382/155925*Ca*t/2)**1OJ;
awae*a;
bewae*b;
bvube-t/2*av*be;
cw-c;

dwwd-t/2*c*be;

svus~av,bw;cv,dvJ;

Refer to Appendix C for listings of the w'-plamie transformed effective p~lants P,( in')

3,2 OPT'rlirory

3.2.1 Sainpled-Dala QFT Cornipeiisafioi. Figure 3.2 shows the MIMO samipled-data QFT

systein block diagrami. The starred systemn variables (denote imipulse sainpied signials. Note time
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,~., s E*( G(S) M $ S Gzoi,(s)P,(s)C

Figure 3.2. IMNO Sampled-Data QFT System

position of the samplers and the (liffereiices between this (discrete system and the contintious QFT

systcni depicted in Figure 1.2 oil page 1-10. The controllers and lprefilters dlesigned ini this study

will be inmplemented in software onl Lambda. The pilot iput and the rate feedback signals are

sampled onl the aircraft and the controller output is through a digital-to-analog (DAC) converter.

The control ratio is derived from the block diagramn by first, writing all the intermiediate systeil

eqIuations. Note that Fig'.;re 3.2-represents a AIIMO system.

E(s) = F(s) W*(s) - C(s) (3.24)

C(s) = GZo 11 (s) Pajs) M*(.5) (3.25)

M(s) = G(s) E*(s) (:3.26)

These equtations are rearranged t~o p~rovidle the relationship T between C andl R. Thle actual

procedure is nmot, given. Similar systems analysis for the MISO case is found ini reference [20] and is

easily extended to the IMNO case.

C*(s) = [I + [GZOJIPeI* (s) G*(s)]1 [GzoH Pe] (.5) G*(s) F'(s) fl*(s) (3.27)

T*()= [I + [GzoHPeI* (s) G*(s)] [ GzoH Pe]* (s) G*(s)_F*(s) (3.28)
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Rleferenice [20:108] shows that. anl impulse sampljled signal is equivalent to the Z-transrorin or thle

signal and further transformable to thle w'-plane so that Equation 3.28 is now expressedl in tile

w'-p Ia iie.

T( U) = [I + [GZOH Pe] ()Gu) 1 [GZOH P,] (wi!) G(wi'-) F in') (:3.29)

T(to')= [I + L(w'f1 Lv') F(wv') (3.3J0)

The principal result of this dlerivationl is that the zero-order 1h01( must. b~e cascaded with the plant

b~efore discretizing to the w'-plane. The Hofmann algorithmn makes this transformation with data-

hold assump~tions. All other elements of the control ratio call be synthesized and transformed

sep~arately.

MIMIO design synthesis is not applliedl directly to the IMO1 system in thle form of Equation

3.30. Instead, thle problem is decomposed into a set of n 2 equivalent MISO system prolems11 to

which QF'1 is then ap)plied. The derivation of the MISO equivalent systems is -presented in thle

dlesign equations section.

.9.2.2 Sample Rate. If the samp~le rate is not necessarily fixed for a particular dIesign

and inistead a variable, then determination of a miiini sampllling rate acceptab~le to p~roduice a

successful design becomes tile first principle QFT design step. Tile sample time iniplementable onl

Lamubda is fixed at 0.0166T sec so determination of w,, is not required. The sample rate for this

designi is:

27,. (3.:31)

W = 2(630)-,r = .377 (vad/.5re) (.3-132)
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lh1for, a w'-plane design cal proceed, accuracy of the approximation

tV' P s (3.33)

is (leteniined. The following equations, provided by Dr. Iloupis, are given as the yardstick to

measure this W' to s plane approximation. These equations result from the experience gained

ill successful W' design application and good engineering judgement both with QFT and other

tecliques. If

121 <2 (:3.34)
< 0.29T (3.35)

2

where

s = 0181, - wp = 0. :h jw (3.36)

to/ = att.,I - JWwP%, = i I 3v (3.37)

are satisfied, then the w'-plane is a good enough approximation to the s-plane. 0r'J and W,$) in these

equations should represent the components of the fastest pole or zero of the effective plant. e's,

for this design results from the rate sensor pole at a = 50 (ad/sec). w, for this design results

from the imaginary part. of the control surface actuator model at w = 12.8 (ad/sec). For the

approximation then, Equat.ions 3.34 and 3.35 become:

[2]" = 0.174 < 2 (3.38)

= 0.107 < 0.297 (3.39)
2
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Tll coniltions of Equations 3.34 and 3.35 are satisfied for this design and the w'-plane is an

excellent. approximation to the s-I)lane. This also verifies that the fixed sample rate of 0.01367 sec

is sullicient for the Lambda URV.

3.2.3 Response Modds. QFT design synthesis begins by specifying the time-domain con-

trol system tracking response bounds. Al upper and lower (fast and slow) response bound for each

system output is synthesized. For the MIMO case, the T matrix of system control ratios given in

Equation :1.28 is:

It ,I( t.l ,2(
t ) ... t 1,11.(O')

TOO') = 12,1(W) t2,2(W') "" 12,n.(W) (3.40)

A principle purpose of this design is to synthesize a basically non-interacting closed-loop

(BNIC) multivariable system. Thus, the off-diagonal control ratios of Equation 3.40 are assumed

to be acceptably close to zero so that -the QFT compensated system of control ratios for the three

oUtu)Ii Lambda URV is:

t1 l(w') 0 0 g 0 0

T(w') ;ze 0 t2,2 (,') 0 = 0 0 (3.41)
PCmd (tL')

0 0 fa,3(W') 0 0 ,'(t)

Ai upp)er bound tracking model (TR.) and a lower bound tracking model (Tp?,) for each element of

Equation 3.41 are synthesized first, in the s-plane to satisfy the required gaint K and the specified step

inl)Ut, figures-of-merit, and then transformed to the w'-plane. TR. must satisfy the peak overshoot

(Al), settling time (1.) and rise time (t,.) specifications. TR, must satisfy the settling time (t.i)

and the rise time (tG) specifications. Table 3.1 shows the figures-of-merit, for the response models
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or this design. The notation in the table is:

Table 3.1. Figures-of-Merit for the QFT Response Models

Model 1 , (sec) T ., (see) Aft, U I F, ' 11
0.84 1.56 1.0 1.0

guB(,) 0.15 0.34 1.25 1.0
qc,,, , (5,

rzL9.4 0.87 1.56 1.0 1.0
Pcmd, n()

PB,) 0.44 0.78 1.0 1.0

,'LB(,) 3.48 6.22 1.0 1.0

1.76 3.13 1.0 1.0

" T -rise time

" I' -settling time

" AI, -maximum peak value

* FV -final value

The frequency response for the tracking models define bounds-on the individual silgle-loop

equivalent loop transmissions. The tern loop transinission is used in referring to the frequency

transmission of a unity feedback loop. It is a closed-loop frequency specification derived from the

response models. The difference between the values of magnitude of the upper and lower tracking

response model at a given frequency vk is denoted by 6 R and provides the loop transmission

requirement needed to meet closed-loop tracking specifications.

ITR.(J k)I - IT1R,(Jt'k) = 16R(Jv k)l (3.42)

It is desired that the compensated closed-loop system be BNIC and therefore off-diagonal

relationships in the system plant represent disturbances to the desired BNIC system. Usually a
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disturbance rejection requirement is specified for a QFT design to guarantee a certain level distur-

bance response during loop synthesis. High disturbance rejection reqluires high 1001) transmission.

Maximium 1001) transmission canl be seriously constrainedl Iy the NMP characteristics of the w' 'toop)

tranisission and therefore governed almost completely lby those NMIP elemients. For this reason,

the mnaximium allowalble 1001) transmission is synthesized and( a disturbance rejection reqhurement

is not needed1. The same applies for tracking bounds. The tracking p)erformnance achievable is

also governedl by the NMIP elements of the loop transmission. Those NMIP elemnents may make

it impossib~le to meet the (lesiredi tracking p~erformlance even wh'len maximum 1001) transmissionl is

synthesized. If this is true, then the tracking models may be too ambitious for the dynaumics of

the plant, or, inl thme case of a (discrete dlesign, the samp~le rate may be- too low. For exanmple, if tihe

NM P elements of Q(tv') result. fr-om transformation to the w'-Iplanle, then increasinug the4 'Sample

rate tends to move those elements farther awvay from the origin and thus may allow enough 1001)

transmission to meet the p~erformance bounds. NMIP elements p~resent inl Q(s) before transformla-

tiom will be minimially affected by sample rate changes. It is stressed that this is not, a QFT specific

p~rob~lem. All rob~ust compensation techniques must (deal with NMIP elements, for those elements

may represent, the invariant physical characteristics of the p~lant or characteristics associated with

the modleling or p~lant representation (w'-plaiie). Since tracking lbounds and disturbance b~oundls

are not. usedl inl the dlesign synthesis, the achieved disturbance rejection and tracking performance

is sp~ecified from the comp~letedl design simulations.

Appendix D contains all thme synthesized response models for this design. Figure D.3 inl

Appendix D shows the loop transmission specificationis for the q, p and r equivalent. loops usedl

to synthesize the compensated loop transmissions. Thle complete 1001) transmission synthlesis is

presented iii the next chapter.

3.2.4 Design Equations-MISO Equivalent Method. Fromn E quation 310, the All O system

equtation is rewritten without reference to a frequency plane and with L(Ow) rep~resented as P, G
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so that.:

T = [I+P,,G] -1 PoGF (3.43)

Prenntiiplying Equation 3.43 by [I + P-OG] and then, for a nonsingular P., by P-1 yields:

[I+ P.oG] T = PoGF (3.4,4)

[P- 1 + G] T = GF (3.5!

Diagonal matrices are used, so P7' is partitioned as:

P' A + D~ (3.46)

where

o ... 0

0 __ . . 0
A = q2,2 (3.47)

0 0 ... 1

0 1 "
ql.2 l,

1 ~ ... i
Bp q2,1 V2,r (3.48)

L .Al 1 ... 0

Wilh a diagonal G and F and the components of P.0. from Equation 3.46, Equation 3.45 is

rearranged to a form similar to Equation 3.43 for the 3a'3 case of this study. Note that, qi,i and qi,j

in Equat.ions 3.47, :3.48 and those following in the remainder of this section denote elements of the
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Q matrix and are not, the system out-put, of pitlch-rate q.

T = [A + G]-' [GF - B,,T] (3.49)

0 0

T = 0 q2.2 0
1+925/2.2

0 0 +gqa.

glf 0 0 1 1 t,11 ti,1 2  tl,3

71,2 q1.3
0 92f2 0 - L 0 53 _ t, t_3 (3.50)

0 0 93 h L -L 0 13,1 t3,2 1 33

Recall from (Iiapter II page 2-11 that. the Q matrix is related to P;1 such that.:

,11,1(s) ql,2(s) "" qlj(s) 1 1

q2,1(s) q2,2(s) ... q2,j(S) ..."" == ,~s P2 2  P2 (3.51)

qi,1(S) qi,2 (s) ... qi,j(S) "-1-

Also recall from Equation 2.34 on page 2-15 that Pe is block-diagonal for this design. The Q matrix

for Lambda now becomes:

1 0 qjj(s) 00 00Pi.:(s ) 0 0

Q(s) = 1 1 = c q2,2(s) q2,3(s) (3.52)
0 P2 2 04) 1'2.3(,'

0 1;,2 (e p - 00 q3,2(.5) q3.3(6)
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Equation 3.50 is ,xpanded using the results of Equation 3.52 to show (lie MISO cquivalenlt control

ratio transfer function matrix elements (T) for the Lambda URV design.

1.1 + (1qj (gifil) (3.53)

tl,. = t 1,3 = 0 (3.54)

-2'1 (_ L_ (3.55)
1 + !/2q2,2 \ q,3

S12,2 22 13,. 2 (3.57)

12,3 q2,2 1323 (3.58)

1 + !13q3,0 q3,.2

t3,2 - '13,3 ( 12,, (3.59)
1 + 93q3,3 q3,2

13,3 q3,3 .3f3,3 2,31 (3.60)
1 + g3q3,3 q3,2

The desired tracking control ratios appear in the elements of T as:

qjj [gihbi1 (3.61)
1 + giqi,i

The disturbance control ratios due to MISO loop interaction appear in the elements of T in the

form of:

q (dj) (3.62)1 + giqi,j

where dij represents the cou)ling disturbance from other elements in T as shown above in Equations

3.55, 3.56, 3.57, 3.58, 3.59 and 3.60. The relationship of the MISO equivalent system for the La--bda

LIRV is-best shown by signal flow graphs. Figure 3.3 shows the MISO equivalent elements of T.

Note that coupling disturbances are applied directly at the input of the plant.. Also note that no

coupling disturbance exists in the first row of T. This is the pitch-rate chanuel and is due to- tlie
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(lvcoujpled lat eral and longitudinal URNI nodel used. Finially, note the tracking ipu is are applied

to the diagonal elements of T only. This is a result of choosing to synthesize a diagonal p~refilter F.

h/, ) 1
/i -i tY,3

Y2,1 (12,2 Y2,3

(2 112, 92 ( .1/2,'

d13,1 (13,2 (13,3

V'3

Figure 3.3. MISO Equivalent System Signal Flow (Graphs

The above development of T and its elements are the MISO equivalent loops of the MIMIO

system. Dr. Horowitz shows that fixed-point mapping theory proves this equivalent relationship

[12]. The design variab~le yj appears in each element of row i in T. In fact, the factor qi,i/(I +giqi,i)

appears in each element of row i in T. Thus, in the MISO eqjuivalent form, the design synthesis

involves selecting gi to attenuate the coup~linlg disturbances and attain the tracking performance

ror tihe eleieit~s of row i of T. Selection of gi affects tracking and dlistuIrbanlce lerfornianlce,

and selection of fi affects only tracking performance. Three separate single-loop equivalent (desigmn

synthesis p~rob~lems result from the MISO eqluivalent URV system instead of nine interrelated dlesign

p~rolblems rep~resentedl by the MIMO1 system T.

3-17



Two conditions must. be met. for application of QFT to a MIMO system and its MISO equiv-

alent, form. These conditions result directly from the MISO equivalent derivation. First., P,-I must,

exist.. This condition is obvious from Equation 3.45 and serves to ensure controllability of P. See-

ond, diagonal dominance must exist. This condition results from a disturbance response analysis

of the MISO equivalent. form. For the 2xv2 case, diagonal dominance exists if:

IPI,IP2.,.1 >: 14,-2P-",11 (I SJ W #'0 (3.63~)

where pi.j are elements of a 2.2 plant matrix P. The same analysis for the .33 case results in:

IPI,1P2,2P3,I > IP 1,11.,3p3.,21 + IP1,2P2.1P3,31 + P1,.2P2,3P3,1I + IP1, 2,21P3,1I + II,3P2,,.1)3,21

(IS W =* 00 (3.6-1)

Diagonal dominance is derived in references [12, 19]. If diagonal dominance does not. exist., it. may

be possible to achieve by reordering of the input and output vectors. For the Lambda URN', both

conditions were checked and found acceptable for all plant, cases.

The decoupled URN' models led to two separate QFT design problems. The longit.udinal

channel (q) is l1i and SISO. The lateral channels (p, r) are MIMO 2Av2. The elements of T in

Equations 3.53-3.60 show this decoupling clearly and verify that, the MISO equivalent form of the

3a:3 MIMO system decomposes into two separate design problems.

.3.2.5 Temnplates. The development above yields insight into the power of the MISO equiv-

alent method of representing a MIMO syst- i, but the principle synthesis l)roblem remains in han-

dling the plant parameter uncertaint.y. Frequency templates quantify" the uncertainty and provide

a way to design compensation for specified system performance in spite of the uncertaint.y.

The Nichols chart, ( NC ) is the best graphical tool for QFT design synthesis. The rectangular
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gridl on the Nichols chart displays the magnitude in (11 and the phase in dlegrees of a transfer funlction

parameterized by frequency along the curve. Gain and phiase margins of a plotted olpen-lool) system

are easily determined [6:302-305]. The constant Al and ar contours on the Nichols chart. are the

loci of constant closedi-loop magnitude andl phiase respectively for the p~lottedl opelool) system inI

the unity-feedback configuration. Use of the Al and a contours makes it possilble to exactly shap~e

the closedI-lool) system frequency response.

The plant parameter regions of uncertainty are easily displayed on the NC as templates

by plotting all p~lant transfer functions qjij representing the p~lant parameter variations for a given

frequency and connecting the points to form an uncertainty region. Figure 3.4 shows Cte rectangular

grid on the NC and a typical templhate for a frequency vk. (it' = it + jto). An excellenit discuission

of the N(-. and it~s Al anid a contours is contained in reference [6:332-338]. Look on page :335 of

reference [6] for an excellent picture of a NC.

20 1

15

to

(dB) 

I

-5

-10 I

-180-160-140-120-100 -80 -60 -40 -20 0
Phase (deg)

Figure 3.4. Typical Plant Parameter Uncertainty at a Frequency Vk Ivad/scc

To the extent. that the enclosed region is the "true" bounded range of plant iminer.Iainf.y. I-hc

area inside represents all possible plant variations. Generation of templates for all frequtencies of

interest gives a clear picture-of the frequency dtependenit variation in the uncertainty regions.
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Two issues are considered in- template generation. First., how should the plant. points for a

given template be connected to produce the most, realistic uncertainty region? Not-ice in Figure 3.4

that, the uncertainty region includes one of the plant points. Since this point, was close to another

point, and both points were at the boundary of the uncertainty region, the outermost, point, was used

and( the other was-included within the region. Experience and familiarity with the physics of (lhe

problem guide the designer here. As a general rule, points that. lie close to others can be included

within the boundary as long as the outermost point, is used as the boundary, but, "stand-alone"

points must, lie on the uncertainty boundary. Also, points are joined by straight line segments and

in general, with few exceptions, the particular order of connection is adhered to for each frequency

of interest. A point, may be considered close if it is within 5 dB and 10 to 20 deg, of another point

bul, this is not, always so.

Generat.ing the appropriate number of templates at the proper frequencies to acceptably

describe the plant. variation is the second issue. The general rule is to generate a template at. least.

every decade where tihe plant uncertainty remains nearly constant, and generate templates much

more frequently in regions where the plant uncertainty changes rapidly. Bode plots of the plants

show this variation in uncertainty and help a great deal in determining at which frequencies t.o

generate templates.

Before determination of system performance bounds, it is necessary to choose one of the plant,

points as a nominal or refereuce plant. The nominal plant P, is used to synthesize the nominal

loop transmission 1, and thus to synthesize the loop compensator gi . Performance bounds are

const-ruetd with (he templates using tIhe nominal plant as the reference. This guarantees that. if the

nominal loop transmission meets or exceeds all performance bounds so will all plant. cases and all

other points within the uncertainty regions. Select ion of a nominal plant with the fewest number of

and preferably no unstable roots (RIIP poles) makes the loop transmission phase shaping somewhat

easier. The nominal plant, must, be used throughout the loop transmission synthesis, however, a
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differenit, nominal plant. cani be used for the othler loops in the MIISO equivalent MINIO design.

31.2.6 Performance Bounds. Tracking performance and disturbance attenuation are the

performance specifications of interest in most. control system designs. In QFT, tracking and distair-

lialce specilications are met by graphlically determining bounds for each on dhe NC and designiing

a l00o) transmnission to meet or exceed these bounds. The b~oun~ds are construictedl by use of' tie

templat-es. A disturbance and tracking bound is generated for each Ilk andI a comp~osite bound-

ary consisting of the most constraining of the two is plotted for each Ilk for the loop) tratisiissionl

synthesis. Detailed information on constructing thiese bounds is contained in reference [6':ChIap 21].

Specification Or a iimumiiii dlamping ratio on the dominant, roots of the closed-loop system

is the flial point, of interest in the performance bounds of the system. The disturb~ance resp)onse is

very sensitive to changes in ( so a furthier requirement on the 1001) transmission synthlesis is adlded.

The above requirement holds for a range of frequencies Ilk and over the entire range of plant.

uncertainty. AIL-STD-1797A [26] provides guidance for military flight, control dIesign b~y specifyiig

a -45* phIase margin requirement on military aircraft. This corresponds to the 3 dB contour on thie

NC. This redquiremenlt stip~ulates only that the p~hase margin (1800 - 1Ll,(jvk))-be 450 at the 0 dB

crossing so that vo is equal to Ilk where I1o(jvk)I is 0 dB. Equation 3.65 extends t-he MIL St-andard

p~hase margin reqjuirement, stich that Zl1,O(Vk) _- -1351 over a range of frequencies Ilk and not

jiist at, crossover. Temnplates are used to extend~ the phase muargini refluirenienlt. in accordance withl

Equation :3.65 for the range of Il. of interest, and over thie plant parameter variation. The template

for each lk is moved around thie Jl1r, contour withbout p~enetrating and a-loci of points is concf~ructed

by periodically marking the nominal point. This extends the phase margin boundary for each lk

t~o guarantee a 450 phase margin for the closed loop system as long as thie loop transmission does
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niot. p~enetrate these boundaries.

To p~rovidle the requiredI tracking, attenuate the undesirable coupling disturbances and guar-

antee a. iiiumii liase margin, three sets of b)oundls are constructedl. The sp~ecified closed-lool)

system p)erformance is mnet if none of these bounds are p~enetrated Iby the nominal 1001) transmission

synmthesis.

.3.2.7 Loop Shaping. Reasonable op~timality ini LTI systemis is achieved by ii~iinifg the

high Frequency 1001) gain K [15, 11]. This is also restated by saying that, thle less bandwidth used

to do a p)articular control jolb, the more optimal it is. For the QFT p~rob~lem, this translates to

synthesizinmg l", such that, it, exactly meets every comp~osite b)oundary and remains just. outside the

phlase inargin boundary. Tme tradeoff hiere is complexity of compensation. More comp~ensator poles

amnd zeros are required to closely mneet the optimum 1001) transmission.

Ini many appllications, high-order compensation is niot, dlesirab~le. The computational p~owerC

onboard Lambda mandates low-order controllers for implementation. Thme object of the 1001) tramns-

imission synthesis for this p~roblenm is to produce the lowest order complensation redliiired to net,

time p~erformanmce sp~ecificationms. More 1001) gain is used to meet performance bounmds rather than

imore poles anid zeros when possible.

A ii"-plane transfer function numerator and denominator are always equal ordler p~oly~nomials

in wv'. Thus the transformation generates zeros to make uip for the excess number of p~oles to zeros

in the s-lplane transfer function. The transformation always p~roduces at least one NNMP sampling

zero at w, /-r rad/see b~ecause any practical s-lplane transfer function will have an excess of at, least,

one p~ole. Other transformation zeros are produced when the s-plane transfer function has ni zeros

and nm + 2 or greater p~oles. Some of these other zeros may also be NMIP too. Dr. Horowitz hias

studied this transformation in somie dletail and~ claims that for a given excess of s-lplane poles, thme

w'-plane zeros; produced tend t~o be roughly symmetric about the origin [17t]. In other words, the

NMI zeros created in the transformation are roughly located at. thme same p~lace in the IIP as the
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AlP zeros in the LIIP .le also found that. the NMP zeros tended also to be [ar enough away from

the origin so as to be easy enough to deal with ill the QFT loop transmission synthesis.

Past digital QFT designs introduced an all-pass filter to handle the sampling zero NMP

characteristics of the nominal loop transmission.

LoN,,p(u/) = A(u/) Lo,,(tw') (3.66)

A(uw') ill Equation 3.66 is the all-pass filter. It separates the NMP characteristics from the

problem where the universal high frequency boundary ( UHFB ) is shifted according to the phase

of the all-pass filter at. values of frequency Ilk [19:Appendix C]. The shifted UITIFB is plotted on the

NC and a NIP LoM, is synthesized. Use of the all-pass filter allows the designer to shape a NIP loop

transmission subject to the phase shifting UIIFB. This loop shaping technique was used- in earlier

discrete QFT flight control designs and worked well with the first, order effector actuator models

used in those designs. Ott and Hamilton extended the use of the all-pass filter to cases where more

than one NMP .ero existed in the nominal loop transmission resulting from the inclusion of higher

than first. order actuator models with the plant [29, 8]. The higher order effector actuator models

coupled with the plant dynamics il those studies resulted ill excessive loop phase lag and made

successful loop transmissions that met all stability bounds impossible. The all-pass filter is a good

way of dealing with the NMP elements in a discrete design especially if the designer prefers shaping

Ml ) oo) f.ransmissions. A more direct approach is used inl this study to deal with the NMIP zeros

of a w'-plane loop transmission.

Lambda's effector actuator and sensor models combined are zero order over third order, or

an excess of three poles. No matter what the order of the design transfer functions for the effective

plant., at least. two new zeros are created along with the sampling zero in the transformation

to the w'-plane from just the inclusion of these models in the problem. It turns out. that, one

other NMP zero results in addition to the N1IP sampling zero. Tie two NMP zeros for this
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design are approximately invariant moving only slightly and not significant-ly for any plant case. it.

is logically assumed that. the new NMP zero resulted from the invariant effector actuator/sensor

model. Another more variable LIIP zero is created in the transformation and is assumed to correlate

to the variable nature of the different. plant. cases.

A variety of ways exist, for actually synthesizing the loop transmission. In this study, low-order

compensat.ion is required, so the loop is shaped by considering and including all elements of the

nominal plant.. In this way, poles and zeros added during shaping are only those of the compensator

and a minimum order compensator is synthesized. The all-pass filter is not. used. Dr. lorowit.z feels

that. the NM P zeros of the w' transformed design elements qij can be dealt with directly during the

loop shaping by including them in the nominal plant and in the template generation. The phase

cont.ribut.ion of NMP zeros at all frequencies of interest. Irk is included in the frequency shaping this

way. Also, RIIP (unstable) pole(s) of the nominal plant P, must also be included in the nominal

loop transmission synthesis to ensure their plhase contribution is accounted for. For each NIISO

oolp transmission l)roblem, the nominal loop 1, is shaped to meet, the performance bounds.

,,,,(IV') = gi(w)O (') (3.67)

qo,,, contains all the NMP properties of all the plant cases and any unstable poles for that, plant,

case as a very minimnum. For this study, however, and in the interest of lowest-order synthesis, all

elements of q,,.i are included in the loop synthesis.

It. is enieficial at. this point, to present the phase relationships of RtP and LlIP poles and

zeros. Table 3.2 shows the low and high frequency phase contribution of each of these elements.

The angles shown in the table were measured in the positive or counterclockwise sense. Note that.

angles in -ie denominator change sign.
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Table 3.2. Low and High requency Properties of LII? and RH? Poles and Zeros

w i'ad/sec 11 0 1____I_ Z-

L L HP zero II00 +900* +900 f
L LIIP pole II00 -900 ..900
L RIIP zero II+1800 +900 -900 f
L 1111? pole II 1800 .-900 +900

App~lication of the Nyquist stability criterion during the loop transmission synthesis is required

to guarantee st-aIble closed-loop systems. The Nyquist criterion in equation formn is:

ZR = PR - AN (3.68)

where ZR is the numb~er of RIIP zeros in the characteristic equatiou of the closed-loop system

(I + L), PR is the number of RH? pl~oes in the open-loop transfer function (L), and N is the net.

numbler of encirclenients of the -1 ± jO point of the olpen-loop transfer fuinction (L) [6:283-298).

Positive (+N) niet. encirciements are in the counterclockwise (C-CWX) sense and negative (-N) net.

encirclemients are in the clockwise (CW) sense. For a stable closed-loop system, ZJ? = 0 S0 that':

PR = AN (3.69)

The number of RH? poles in L mnust. equal the net number of CCWX encirclements L makes of thle

-I ± jO point. The Nyquist criterion is alpplied by determining Al from the p~olar plot of L. If PR

(1008 not equnal N as dleterminedl fromn thle polar plot, then L must be reshaped.

For thme Lambda 1001)shaping, one RH? p)ole exists in some plant, cases of each 100op chmannel.

Two invariant RII? zeros exist. in all p~lanlt cases for each loop channel. The Nyquist, stability

criterion -was app~lied during each 1001) transmission synthesis and showed that the resulting closed-

1001)systenms were stable.
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3.2.8 Iiiirwovcd QFT Ml/Od. The loop transmission synthesis resulting from the MIISO

equivalent MIMIO system rep~resentation is shown to produce a satisfactory closed-loop MIMIO sys-

tein. No iteration between the MISO equivalent loops is required for a successful design (12]. Even

though no iteration between the loop~s is requiredl, correlation does exist beCtween the MIISO equiv-

alent loops. This correlation call be used to fuirther op)timize the 100o) transmissions by applying

the implroved formulation of IMNO QFT 1001) transmission synthesis.

WVithl standard QFT, the MIISO channel loops are shaped sep~arately- andl in no particular

order. The compensation andl filtering reqjuiredl in a p~articular l001) design, however, corresp)ond

to kno Wldge not available until after loop transmission synthesis has, begun and thus not included

in (lie development of the original MISO design equations shown onl page :3-1tS. In these original

eq(uationis, tlie wVoIrs case disturbance inputs due to other loops are utilized. N~'iti knowledge of

compijensation reqIuired for a p)articular 100o), the overdesign inherent ini the worst case assumplltion

('all he reduced. This relationship is exploited in the imp~roved MIMIO QFT method.

Th~le improved method requires one loop transmission synthesis completed by the old method,

how"ver, the 1001) choseni canl sometimes be important. The basic rule is to choose the loop with

the least. uncertainty. This will be the smallest bandwidth loop. This is in line with the basic

bandwidith minimization optimality criterion stated earlier. True fi and( gi of this 1001) are niow

known and the (disturb~ance contribution of this 1001) to the other MISO equivalent loops canlb

modified to reflect this knowledge and reduce the uncertainty associated with the disturbance from

this loop). Further subsequent 1001) design knowledge is similarly used. Dr. Horowitz presents this

implrovedl method in reference (1-3].

For Lambda, the imp~rovedl method is only used onl the lateral 24v MIIMO system dlue to the

(lecouphiig of thie longitudinal mnodes-from the Iateral-modes. The 2xv2 ad',-?:3- modified, design

eq(uations are given below without dlerivation. The subscripts oin the elements of these equations

de~note thme order of loop synthesis. 1 is first loop synthesized, 2 the second, etc. For the Ix2 system,
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loop I is synthesized first resulting in fil, and 9i. The effective design equation for the next loop

then is formed and used for the second loop transmission synthesis.

12. = 92q2,2(I + gjqij) (3.70)

= gq2,2. = 1 - 71,2 + gIqiI

where

71,2 - P1,2P2,1 (3.71)
PI,IP2,2

q2,2, is notation used to denote the effective design transfer function of loop two modified by the

known compensator and filter of loop one.

The first two loops of a 3x3 system are synthesized with the 2x2 equations above. The

eff'ect.ive design transfer function of the last loop of the 33 system is given in Equation 3.72. It. is

derived assuming knowledge of f1,1 and .1 of loop one and f2,2 and 92 of 1001) two.

13, [13q3,3( + 1 )( -+ 12,) - 11,2 (3.72)(1 + 11)(l + 12,)- 71,2 - 72,3(1 + 11) - 71,3(1 + 12,) + 71.2/2 + 71,3/13

where

11 = glql, (3.73)

12. = [/2q2,2, (3.74)

71,2 = 1.212.1 (3.75)
PI,1P2,2

7 P2,3P3,2 (3.76)
P2,21)3,3

71.3 P1,3P3,1 (:.77)-
PI,1P3,3

112 12,3P3,1 q2,1 q3.3 (3.78)
4,1P3,3 q2,3q3,1

113 Pa3,2P2,1 q3,1q2,2 (3.79)
P3,1P*21,' 2 q3,2q2,1
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True starred variales above denote elements of P7 1 ais given iii Equation 2.27.

3.2.9 Prefilh'ir Synthiesis. Recall I6RUW)I represents the maximum allowable magnitude

variation in the closedl-lool) tracking response for a specific 1001) transmission i( ).A lproperly

designed 1, (tv') meeting all p~erformfan~ce bounds guarantees the closecI-lool) tracking response at.

frequency "Ik will b~e less than or equal to the allowab~le variation of I6RUvk)I. The magnitude

v~ariation is thuts guaranteed lbut. not. it~s p~lacemnt in the frequency p~lane. The pre-filter positions

tle closvd-lo .p respoulp" inl the frequency p~lane to mneet. the tracking model loop trnsiisioll

lxecittion of the p~refilter dez~ign synthiesis is easily done graphically with the NC or with

Biode plots. References [16, 19, 12] present the technique thoroughly and use the NC. The Bode plot.

method was used in this study. True pre-fiter dlesign methods are identical, its only the graphical

tools used that. are different.

Design of the prefilter begins by generating the magnitude freqluency response for the loop

transmission of all plant cases used to synthesize 1, (t'). These are closed-loop) responses of the

form in Figure :3.5.

i' ~ ~ g~t' ii')- (j~(W) C3v

Figure 3.5. Loop Transiission Response Configuration

These loop transmissions are plotted for all plant cases with the tracking response .frequency

bounds onl the same Bode plot. Filter pl6ls and zeros are placed where required to position all

1001) transmissions within the frvjt.!A.. rerr. -i bounds. The filter design is verified b~y generating
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filtered loop transmtission responses of the form in Figure 3.6.

Figure 3.6. Filtered Loop Transmission Response Configuration

The placement of one filter element at a time with subsequent iteration is used and found~ to

be0 the easiest way to design the p~refilter. The pitch-rate 1001) filter design desetibecl ini the next

chap~ter fully describ~es this lprocedure.

3.2.10 Comptlensaltranid Prefil trDiscreli.-ationt. The flumal step in the discrete QFT design

process is transforming the compensator !Ii(tt") and p~refilter fuj(i') discrete (lesigits t~o the z-plane

for implementationl and simulation. Since yi( to') amnd f1,j ( i') have equal order numerators and

dlenominators, and the u/-plane is applroximately equal to the s-planie, the Tustin transformation

(Equation :3.4) is used to transform thein to the z-lane.

Ma' Tuistin Transfo-rmi q i(--) -(3.80)

fii(" Tustin Transfr AA~jZ) (3.81)

The last. step ini thme transformation is to verify time frequency respomnses of the w' andz plane

compensators and lrefilters. Poles and zeros of the w'-planie compensators and lprefilters that are

not ini the good Tuistin region may transform wvit~h significant tvarping depending on their particut-

lar p~lacement. The frequency responss of thme w' and z plane elements will simow the significance

of time tvarping present. If there is good- correlationm between the responses out to approximately
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w./3 (rad/sec) .hen the tvarpinig was insignificant. This verifies a proper transformation and imi-

plementable compensators and prefilters.

:3.2.11 QFT Compensator/Pla i Pole/Zero Cancellation. The fixed compensators and

prefilters synthesized in a QFT design provide compensation so that all points within the plan(.

parameter uncertainty region meet, closed-loop performance specifications. The nominal plant, P,

is a reference for shaping this closed-loop response relative to all points within the bounds of the

uncertainty regions for all frequencies Vk. It, is not, required that the plant. ever operate at, the

nominal condition nor that, it operate anywhere on the boundary, including at all the other plant.

cases used to generate the uncertainty regions. Because of this, specific pole/zero combinations

between yi and q,,., are not expected or required, and close cancellation of the nominal plant.

dynamics is not, a )roblem.

It. is true, that, certain elements are added to the plant. cases to model other systems and

devices of an over-all system. Control surface actuator models and dynamic sensor models in

aircraft. subsystems are good examples. It is also true that mostly the models used for these

subsystems are considered completely certain, however this is also an approximat.ion. These device

dynamics can also be cancelled for the same reasons as mentioned above. "

It. should be pointed out here that the system sensitivity for tracking to the elements of gi

and q,,., are exactly the same and therefore also for any cascaded subsystems. Inaccuracies and

uncertainty in the cascaded subsystems, like actuator and sensor models, can be accounted for by

enlarging the uncertainty regions. Uncertainty in gi can also be accounted for this way.

The issue could be raised that. the uncertainty associated with the subsysteni models was

not injected into the problem so, effectively, the uncertainty available to the plant, dynamics is

now less than before. One can compensate for this by slightly increasing the uncertainty region

bounds to take thisinto account. For example, if subsystem models are judged to be 5% uncertain

then increase the uncertainty regions or qo, templates accordingly. Generally, though, and for this
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Stu~idy, (I('c11II 'n ,slc Subsystem dylamliCS, Miodels are excellent approximiations with Ii isign ifcait.

uncertainty in comparison to the higher p~lant p~aramleter uncertainty.

3-31



11. Discrete Compensator Designs

This chapter p~resents the QFT compensator designs for gi and fij The (lecouIpling p)resent,

in the I"Lmbda models allow sep)arationl of time longitudinal and lateral aircraft. modes. The design

equations presented inl the last, chapter show the longitundinal systemi to be SISO without. dlisturbance

inputs, and tihe lateral systemn to be 2x2 IMO.

The following sections p~resent time S150 jitch-rate (q) design problem for the longitiudinal

system and( time IMAO lateral system dlesign problem. The yaw-rate (r) MISO equivalent, loop is

designed first inl the IMNO lateral system followed by time roll-rate (p) MISO equivalent loop. Thme

S150 lpit-c-rate l001) design is p)resentedl in detail to illustrate the complete design p)rocedlure. The

lateral design is p~resentedl by highlighting only those issues specific to that. design and different,

fromi e jpitch-rate 100o).

.1.1 Pitch-Rale (q) SISO Design

Plant. case #1 is selected as the nominal Iplant, for the pitch-rate 1001) design since it has

no0 unstable poles, and thus, P, = Pl. For this, and the subsequent. lateral- MIISO 1001) designs,

trackinmg and disturbance bounds are not determined for reasons specified inl the discussion oil page

3-12. Very simply, dhe 1001) transfer function is synthesized so that 1001) gain is maximized subject

to the phase margin bounds, the w'-plane NMIP modeling characteristics, and the desire for low

order complensation. With Lambda, higher order structural modes not modeled are estimated to be

insignificant, inl the passbandl of this control-system designi and a loop transmission 0 dIB crossover

frequency limit. is not used. If it were required, then the nominal 1001) transmission 1,, synthlesis, ald

the resulting gi, would be constrained to ensure that. all plant case 1001) transmissions 1i 9 f1111

crombed -0 dB am.-or below the crossover frequency linmit. The shaping then requires only that, tie

phase margin bounds be drawnm onl the NC and that. the nominal 1001) transmission be synthesized
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such t hat. the1 hound Corresp~onding to each frequency Vk is not penetrated. Thle temlatej( d1at1a mid(

t.1e templates usedl for this 100o) transmission shaping are p~resented1 ii. Appendix E.

For -this 100o) then:

1"~(11) Y= !(u),) q 0 1w)(.1

5,4517e-5 (0)l-0.6263:jO.1693)I120) - 1.10.1131)(t155.5707)1-947.3232)q011 ( a") = -0.019s*)jO.5799)( -1.29US:Ej1.S704) - 12.79)5Obj12.0)U3Jt -47.2) ('1.2

Thle negative signs ini-these formulas dlenote Lll1 roots and no sign is positive and dlenotes 111lI'

roots.

The loop 1,, is shaped as a Type 11001) to ensure zero steady state error to a step ip)tt for

the SISO systecm. Since (I", has a zero at. the origin and a Type 1 loop transmission is requiredl,

il(tv") must, have two Ipoles at the origin. Thus gl (t')-iinitially becomes:

gjw1 (4.3)
W1

2

Since P0, is njearly thme lowest. left, point on tile tempIlates at frequencies aIbove 5 rad/sec, thme

lIase margin bounds, for Vk Above .5 racl/sec, lie nearly along the -135* line on thme NC. This is

evident from phase margin b~oundls for this 1001) shaping shown on the NC in Figure 4.1. The liase

mlargini bound1( ternology used hiere is also known in the -literature as tile stability bounds. Dr.

Horowitz uses the stability bound terminology. For this 1001) design, the particular shalpe of the

h~ound(s at. the higher 0k Frequencies-and the nominal p~latt position on time tenmplamtes requires that.

tlhe sh~aped 100o) tranlsmission follow, as far as possile, the -1350 phase line.

The easiest. way to loop shlape with NAT nominal plant. elemenlts is to conlsidler only the loop

phase initially with all RIIP zeros and-unstable plesC of q,,,, included. Thme NMIP and unstable

characteristics of thme other plant, case elements are incorp~orated inl tfle plant. templates. Onice the

loop) phase is shaped, loop) gain is adjusted to providle the maximum gain attainlable subject to the

4-2



70

0.0O1

40 .. .. . .. . .. . ..... . .. . . ... .. ..

40 ...... ........... .... ............ .... .. ........

10:

:3dB I

... .. . . . . .. ..... ..... . ... .. . . . . ... .

-20 ......... .

-40 ±
-400 -350 -300 -250 -200 -150 -100 -50 0 so

Angle (dog)

Figure 4.1. Pitch-Rate Loop (qii) Phase Margin Bounds and Nominal Loop Transmission I, (it")

For yj (w') = It"

4-3



given hounds. Not~e the NMIP zeros at +1410 and +120. The 1)han- lag from these zeros and the

,actmator andl sensor poles lbegins to contrib~ute significantly at freqtuencies above 12 radl/sec and

thus domnates the 1001) transmission ab~ove this. The Bode phiase plot LI01 (jt') for i1 (tv') equal to

1/11,2 is shown in Figure 4.2 along with the -135' higlh frequency p)hase bound1 derived from the

phase margin b~ounds for the frequencies Ilk shown in Figure 4.1.

0

-200

(0)

-'to0

-600
0.001 0.01 .1 1 10 100 1000 10000

Fre quency (v) (rad/sec) -

Figure 4.2. Type 1 Pitchi-Rate Loop Phase /-I,, (jv) For 91 (n') = 1/1,12

It's obvious fromn Figures 4.1 and 4.2 that. compensator zeros are nleded to decrease the phase

lag t~o above -1:35" in the frequency range from 0.5 to 20 rad/sec. A pair of zeros are adldedl at 0.3

and 6 racl/sec to gi to bring tile lop phase close to -1351 since it is desirable, in the interest of

optimality, to stay as close to the pihase margin bound as possible for as large a range of frequency v

as possible. These figures also clearly show that the excess phiase lag at the high end of the system

passbatnd is (lue to the actuator/sensor p~oles and NNIP zeros in q0 1 and more lead comnpenisationi

in the actuator modlel frequency range is indicated. Thus, a complex zero pair is added t~o g, at.

the actuator model natural frequency of 18 rad/sec, however, a lower dlamping ratio c is used. The
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yi(uw') synthesized to meet. the loop shaping bounds is:

l1 (wt) = 562(wt' + 0.3)(tv' + 6)(wI '2 + 20w + 324)
w-'2 (w't 2 + 500w' + 250000)

Figure 4.3 shows the Bode plot. magnitude and phase of the compensated loop transmission.

80...........
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Figure 4.3. Pitch-Rate Loop Transmission 1,, (w') Design #1

It, is emphasized that. the NC with phase margin bounds and the Bode plots of 1o, are used

together during loop shaping and provide a complete and very transparent picture of the options

involved in choosing the compensator elements. Note the ./i selected basically provides for a Type
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I loop transmlission with the poles at the origin, and( p~rovides phase leadl ini the system passlband

1.o complensate for the lagging p~lant and actuator dynamics. The high frequency 211d ordler poles

in III make it a proper w'-plane transfer function by3 ensuring proper phlase as I, app~roaches --C,

Thle shlaped lool) transmission with bounds is shown onl the NC in Figure 4.4. The b~oundls

shown are only p~ortions of thle p)hase margin b~ounds reqjuired to illustrate the 1001) Iransiission

bound compliance.

Figures 4l.3 and 4.4 show that a severe droop exists ini the 1001) transmission between 0.0 1 and

I rad/sec. In this range of frequencies, some tracking b~oundls are not. met lby the l00o) transmissionl

11,, (jv) I as verified by the construction of a partial tracking bounid at 0.3 racl/sec. A second design

is initiated t.o try t~o implrove this situation.

One way to improve this is to extend the high frequency phase roll-off so that, the 100o) phlase

remains at -1:350 out to higher frequencies Vk thus, increasing the bandwidth of the 1001) trains-

mission. The 1001) gain is then increased appropriately to increase thle feedback at, all frequencies.

Conmpensation is successfully added to extend the phlase roll-off, but the resulting l001) iflagilitudk

proves to be unaccep~table (tile p~rimarily to the NMP zeros and sensor/actuator poles. Further,

this mnethod may iiot, hbe accep~table in somie situations and particularly in aircraft systems since

structural mlodes may be excited lby the higher 1001) bandlwidth thus invalidating the dynamics

model usedl.

A second approach is used to provide complensation directly in the frequency ranige of interest.

A lag-lead pole-zero pair is p~laced and design #2 for gj(tv') now is:

= 562(wt' + .3)(wv' +6)(w; 2 + 20wi' +324) (wv' +0.2)(.5
11'2 (IV'2 + 500tv' + 250000) (it' + 0.02)(4)

Bode plots of both design #1 and #2 1001) transmissio~s are shown in Figure 4.5. Note the increase

in gaini for all the droop frequencies. Also note the 1001) transmission phase at, thle lower frequencies.
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Figure 4.5. Pitch-Rate Loop Transmission 'Oe (t') For Design #1 and #2

More low frequency p~hase lag is present in design #2 and raises concern as to whether design #2

is really better. The NC in Figure 4.6 shows that design #2 is better since, even though the loop

size has niot changed significantly, the low frequency loop gain is increased significantly over that,

for design # 1.

The lpre-filter is synthesized as described in Chapter III by first forming the frequency re-

sp~onses of the closed-loop- systenis-for each -plant. caspr with y!Idw'). Tliese-resp~onses-aiin-ckheitcli-

rat-e -ciaiinel response botunds of B1 and- B, tire p~lotted in Figure-4,.7. Only 91 (tt') designl #I is

shiown in the figure since the prefilter reqjuiremlents are identical for dIesign #1 and #2.
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'The prefilter poles and zeros are selected to move all plant. case responses within the response

model hbounds shown in Figure 4.7. The fi,I(tw') required for this is:

= 0.0012(w' + 100)(w' + 500)
(w' + 4)( ' + 15)

The filtered closed-loop frequency response for design #1 is shown in Figure 4.8. Filtered closed-

loop responses for design #1 and #2 are shown in Figure 4.9 expanded at the lower frequencies

to show the effect, of the increased droop frequency gain. Design #1 with the lower low frequency

gain has the largest droop. This droop effect is quite evident in the step response loop verification

simulations in Appendix G Figure G.1.

Closed-loop attenuation in the droop range of frequencies for plant #1 exists for both designs

as shown in the plots in Figure 4.9. The droop in design #2, however, is reduced. Plant. #1

(the nominal plant) still does not meet the tracking bounds in this range of frequencies for either

design even though maximum loop transmission, in both cases, is synthesized. Tius, it. is clear, the

plant. actuator/sensors andI the NMP elements dictate the maximuni achievable loop transmissimon

as claimed earlier. Step responses to the w'-plane pitch-rate channel are shown in Figure G.1 on
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paige G-1. The effect. of this low frequency attenuation is-aplparelt inl those lots iii the sagging

time response of plant #1 between 3 and 10 sec.

D~esign #2 is the b)etter dlesign inl termis of more closely mneeting the response model specifi-

cations, however, design #1 is quite useable. Inl fact, design #1 may be more desirable since it. is

lower ordler than design #2. Further, the order can- be reduced even more by dlesigning a Type 0

1001p transmission to allow some steady state error to a step input. A small amount of steady state

error may not dlegrade the dlesign and may be imp)erceptib~le to the pilot inl mlost. cases. This is also

done and 'lie resulting wv-plane step response is shown along with design #1 and #2 inl Appendix

G. It too is, inl the interest of lowest order- compensation, quite acceptable.

The w'-plaue designs for gl and fi,i are:

Type 0 * j -iv') -562(tw' + 6)(0w2 + 20?' + 3241) (4.7)
w'1(tV12 + 500wi' + 250000)

Design #1 91 g(0) =5i32(v' + 0.3)(t' + q)(w'2 + 20wit' + :324) (41.8)
tw' 2(tw' 2 + 500w'~ + 250000)

Desgn#2gj (0) 562(t' + 0.2)(v' + 0.3)(u)'+ q3)( w2 + 20w'/ + 324)
Design #2 ~ = w' 2(w'l + 0.02)(tV'2 + 500w' + 250000) (19
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Type 0 ( f1 4(') = 0.003(w' + 1000) (4.10)
(w + 3)

Design #1 & 2 ( it)') = 0.0012(v' + 100)(w' + 500) (4.11)
(wo' + 4)('w'l+ 15)

Since, for this design, wo' s, tlie-)iliniear-traztsforniiatioi of Equation 3.4 is usedl to transform

U, andI fi,I to the z-plane. Appendix F contains all tile z-plane representations or yii and fm,i anld

their difference equations for imp~lemnentation.

4-12



The Tustin or bilinear transformation of the w'-plane compensators and prefilters to the z-

plane is the last step in completing the 1001) design. Equation 3.4 is used to obtain the z-jplane

comp~ensators and lprefilters. It is important that the frequency responses of both the Wand z-p~lanie

elements be essentially equal out tow,,/3 (rad/secl. For this loop design and the NM1-5 loop designs

of the lateral system, this is chiecked and found to hold for all compensators and lprefilters designed

in this study. Figure 4.10 shows the z-planie and w'-plane frequenc-y responses for ill of design #1

anld illustrates this requirement.

140 itVleI Igil I Igl r W
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80

(dB) 6
40 -g Z
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0.001 0.01 .1 1 10 100
Frequency (rad/sec)

Figure 41.10. gj Design #1 z-Iplane andl w'-plaiie Magnitude Frequency Response
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4.2 Y'aw-Rale (r) MSO Equivalent Loop Design

The lateral modes of the Lambda model are decoupled from the longitudinal modes, how-

ever, the subscripts on variables denoting the original and full 3j,3 MIMO system are retained for

continuity of the continuing design discussion. Subscripts of 3 and 2 for the yaw-rate and roll-rate

loops respectively are use(l.

The improved QFT MISO design procedure is used for the 2x2 MIMO lateral system. The

selection of the first MISO loop to shape is a subjective decision governed by th requirements

s)ecified in Chapter III. Very simply, the lowest bandwidth MISO 'quivalent loop is shaped first.

Sometimes it's not altogether obvious which loop this may be. Bode plots of the Q(l ') matrix

elements qij,(wt ') for all plant cases and the MISO equivalent loop templates are used to help

make this decision. The Bode plots of the qi,i elements serve to display the magnitVude and phase

uncertainty explicitly as a function of frequency v. It is difficult to obtain a quantitatively comp)lete

picture of the loop uncertainty and its comparison to another channel loop with only Bode plots.

The loop templates, on the other hand, are plots-of the magnitude variation vs. thepliase variation

at a given frequency Ilk and thus frequency v is implicit in the template plot. The area enclosed in

a template describes the uncertainty of the plant at a frequency Uk. The area enclosed by the plant

templates quantifies the uncertainty of a particular MISO channel loop. This area is compared to

the other MISO channel loops for resolving bandwidth issues. Appendix E Figures_e,.3 and E.4 on

pages E-12 and E-17 show plots of the roll-rate and yaw-rate MISO loop templates respectively. It

is easy to see from those template plots that the yaw-rate channel is the smaller bandwidth loop

since the total area enclosed by all its templates is much smaller than the roll-rate MISO loop.

This conclusion is also reached using Bode plots since the phase and magnitude uncertainty in yaw

is low at. high and low frequencies unlike in the roll channel where low frequency incertaiity is

substantially higher. Figure 4.11 shows the Bode plots used in -the bandwidth determination. The

yaw-rate channel is selected as the first loop to design in the lateral MIMO system.
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Figure 4.11. Roll-Rate and Yaw-Rate MISO Loop Channel Uncertainty With Bode Plots of
q2,2(1) ald q3,3(w') For Plant Cases 1-6

Similar to the I)itcl-rate channel design, plant case #1 is also selected as the nominal plant.

for this loop so that again P, = P1. Appendix E contains the template data and templates used

for this loop shaping. The nominal loop transmission for the yaw-rate channel is:

lo3(w/) = 93(w) q0 3 (w) (4.12)

qOZOV () - 1.299'93e-4 (-0066135 (120)(-140.0997)(155.59631(-935.7121) (4.13)
(- 04265*-.1.4601 j(- 12.5472*-.12.69i11)(-47.3705 )

The Type 1 loop transmission requirement applies to this loop also so that, since q03.3 has no free

poles or zeros. :l3 must have one free pole. The initial loop transfer functrion is:

1O3(V') = , q03.. (1') (1,14)

The phase margin bounds and the loop transmission of Equation 4.14 are shown on the NC in

Figure 4.12.
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Thle toolp CralistIiiissionl synthesis follows similarly as for the previous pitch-rate tool). The

Bode plIot, analysis used[ inl this l001) design is not shown but it is again emplhasized that the use

of llode-plots in Conjunction with the NC inake the loop transmission synthesis much easier. Here

also, low froquency lead compensation is needled and is apparemt from time NC inl Figure 4.12. The

yI3( m') designed for this 100o) is:

!13(ll 223(to' + 4.5)(1112 + 200' + 324) (,1.15
w' ( mu'(12 g- 500ti' + 250000)

This coimpensated loop transmission is shown oil time NC inl Figure 4.13.

Again, as inl time previous loop Iesigni, a droop range of frequencies exists ill the 1ool, Lrwis-

mtission, however, the drooping is not ac-,pronounced as inl time 1itch-rate channel. Conmpenstion is

apl)ied inl that range of frequencies to decrease the magnitude drooping and design #2 for 9313 ")

beCcomles:

_31" _ 223(v' 4. 5)(11)2 +420w' + 324) (tv' + 0.3) (.6
w'I(w')2 + 5000' + 250000) (0' + 0.009) (.6

The NC inl Figure 4.14 shows the design #2 compensated 1001) transfmission.

The filter diesign procedure is identical to the previous loop and time filter transfer function

is thme same for design #1 and #2 since the high frequency plant characteristics are not altered by

thme low frequency droop compensation added. Tme filter required for the yaw-rate channel is:

f.,0 0.004(tt' + 200) (4.17)t +0.8

WVit~h design #1. some droop frequency tit trackingbouncls are not miet. Tmis-is ap~parent inl

thme step response yaw-rate loop simulation verifications inl Appendix G Figure G.3. Design #2, o11

thme other lianmd, meets all p~erformance b~ounds and thus, inl tihe verification plots inl Appendix G4,
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remains within the specified performance bounds.

The yaw-rate channel w'-plane designs are:

Design #1 9 3 (w') = 223(tv'+ 4.5)( w12 + 20w' + 324)
Dvw'(tt' 2 + 500iw' + 250000)

Design #2 =(t, )= 223(tv' + 0.3)(v' + 4.5)( tV2 + 20w ' + 321)
D i'(w' + 0.009)(w'1 2 + 500w' + 250000)

Design #1 k, #2 fa,(t1) = 0.004(w' + 200) (4.20)
V '+ 0.8

The difference equations for implementing these designs are presented in Appendix F.
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,1.3 Roll-Rate (p) MISO EquiValcnf Loop Design

The improved QFT loop design procedure is used for the final roll-rate MISO loop transmis-

sion shaping. For each plant case i the effective loop transmission, denoted l,(w',) is:

!,~ (u",) = 92(U,') q ,. (w ') = g2(wv') q ,2(w') z + +sv ( -~~ 3 -( ")

I+ +3(30)
= ..( ,') ,(t,'-3(') (,.22)

whsere

2 201") _,(V'),(,'

Plant, case #1 is nominal for this 1001) shaping so thlat. the nominal 100o) is:

, + l0(w') (4.2)

102e (t') = .2(w,') q,.(w,') 1 + l (,,,) - -'y,.(w,)

- ,g.2(w') q1,.(w') = 14(0,') qo 2 ,(w') (41.22)

'The loop transmission is shaped- by generating the effective nominlal p~lant, element. 'qo .,(') with

70.u(",) and !o0 (wt'). Bode plots of 0 and (1 +l!o )/(1 +lIo - 70) in Figures 4.15 aid 4.1 6 illustrate

these relations.

Figure 4.17 shows the comnparison of the resulting qo22{o with qo0 ,. Notice there is very litte

(iference Ibetween the effective MISO nominal plant element and the original indicating that. very,

little correlation exists between nominal yaw loop design and the nominal roll loop plat elenwt.

in fact,, generation of the effective roll loop plant elementsq 4,e for all plant cases showed similar

telaions and .hu ar. not. shown here.

In spite of the small difference in the effective )lant elements, and in the interest of comp11)Lto-

ess, the q2.,,2, elements are used in the roll-rate channel design. Appendix E contains the effective
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Figure 4.15. Roll-Rate MISO Loop Nominal %(w')

plant. element (q2',.) generated templates used in this loop shaping.

The nominal loop plant element q,2, 2(.)(w') is shown in tabular form in Table 4.1.

For a. Type I loop transmission, g must have 2 poles at the origin so that the initial loop transfer

funiction is:

I
1,2(e) (U)') : 7 q02,2~(.)U') (4.263)

The phase margin bounds and loop transmission of Equation 4.26 are shown on the NC ;u Figure

4.18. This-is the starting poini of the loop shaping.

The droop problemn is present in this design also as for the previous two loops and so two

designs are synthesized. Prefilter design is accomplished as usual and only one prefilfer is needed
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Figure 4.16. Roll-Rate MISO Loop Nominal (1 + 1,(,))/(1 + 1,, (wi') -

for both designs. The controllers (g2) and-prefilter (U2,2) for the two designs are:

Design #1 = g(wI') = 3.55(' + 0.1)(w' 2 + 16'/+ 100) (4.27)S'&2(w' + 500)

Design #2 2 (w') = 3.55(t'+ 0.1)(t/+ 0.3)(1 2 + 16w' + 100) (4.28)
w'2(w' + 0.009)( w' + 500)

Design #1 & #2 . f 2 ,2 ( ') = 0.125(w' + 20) (4.29)
W1+2.5

The compensated loop transmissions are shown on the NCs in Figures 4.19 and 4.20. The difference

equations for implementing these designs are presented in Appendix F.

4.4 Discussion

4.4.1 NMP Loop Shaping. It was recognized from the start that the phase lag from the

NMP w'-plane nominal plant elements qo,,, and the effector actuator and rate sensor model poles

would place an upper bound on the maximum achievable loop transmissionm and thus the maximum

loop gain. As previously discussed, the tracking and channel interaction disturbance re.jection
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performance achievable is subject to this limitation on -loop transmission. The loop transmissions

in eaclh of the MISO channels described in this chapter are maximized subject to the phase margin

bounds an([ the limitations imposed by the NMP-elements and the effector actuator and sensor

model- poles. To that extent, the performance achieved with these channel designs is the best that

can be expected.

4.4.2 Bandwidth Specifications. In general, a system model is developed with implicit

limitations. Many systems may have higher order structural modes that are ignored in the model

development under the assumption that the control system will operate at frequencies that do not.

excite any significant response from these modes. Thus, most systems have inhwrent, ban(widlh

limitations because of this. It's of interest then to give specifications on the bandwidth of the

control system design. The higher order structural modes on Lambda are estimated to be quite

high and well above any frequency achieved by the digital NMP loop transmissions. Table 4.2 gives

the 1001) transmission crossover frequencies for each MISO loop channel.
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Table 4.1. Roll-Rate Nominal Plant Element Transfer Function Roots Listing qo 2 (e,(w')

Numerator Roots Denominator Roots 1[

0.0 -0.060926
-0.066135 -0.047368 ± j0.608091
-0.066161 -0.047368 ± jO.608091

-0.029422 ± jO.576535 -3.687902 ± jO.0
-3.010474 + jO.o00101 -3.404659 ± j5.410768
-2.211016 ± j5.864527 -12.849075 " jl2.663185

120.0 -47.123026
-140.099668
155.596309

-972.268112

Table 4.2. Minimum & Maximum Crossover (Phase Margin) Frequencies For the MISO Loop
Channels

IvO

Channel Plant #1 (Min) Plant #2 & #3 (Max)
(rad/sec) (rad/se)

i (q) 7.8 30
1' (1) 4.0 10
I.3 ( ) 8.0 30
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V. Design Simulation

This chapter describes the various simulations used to verify the design of the LIambda three-

axis rat-e-commanded automatic flight, control system. All simulations lperformed in this stuidy are

done with the Matrix, CAD/CAE program on a SUN III workstation. All applicable simulation

)lots are presented in Appendix G. The block diagrams depicting each method of simulation are

presented in the following sections along with a final section summarily presenting the pertinent.

simulation results and final system specifications.

5.1 An Engineering Philosophy

Engineering design always requires approximation. Why? Because, "mother nature' is nrcr

"truly" as even the most, complex and comprehensive mathematical descriptioii would have it..

Sometimes the mathematical description of a physical phenomenon is so-close to the natural maui-

festation of the phenomenon that, the difference is imperceptible. Many times, though, the accurate

inathematical descriptions required t.o match nature are impractical for design synthesis or analysis

and so suitable approximations are made. Physical modeling errors judgMed to be insignificant, or

compensatable are even admitted t~o facilitate a tractable engineering solution. In the final analysis,

"mother naltre" rules and the engineering solution must obey her rules. Simulation in flight, is the

"fiial analysis" in flight control system engineering.

Two types of simulations are considered, design synthesis technique verification and "truth"

model or "inother nature" comparison. The w'-plane simulations described below are design syn-

thesis veriications. They verify proper execution of the design technique. The hybrid simulations

are the "t.ruth" model comparisons used in this study. It is good engineering practice t.o simulate

the final engineering solution against, the best available truth model. For this study. the linearized

confinuous-time EOM are the truth model. It. is also good practice to recognize the limitations of

the results derived from the simulations since it would obviously be better to test, the design in
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flight. TIhis linearized Lambda model is judged to lbe very close to "true* sinlce Lambda is basically

a statically stable open-loop aircraft with relatively docile flying characteristics as oppjosed to tlhe

very nonlinear and highly dynamic flying characteristics of a modlern fighter -aircraft.

TVle nonilinear Lambda EOM are a better tr'uth model. These equations, implenmented on an

analog comiputer like the SIMISTAR computer, would p~rovide the best comparison to (lhe "t-rue"

condlitions or' flight without, actually flight testing the dIesign. Lambda's nonlinear EOM are ntot

presently available. Thiey would have to be dlerivedl from flight, test, data or the aerodynamic

derival.ives which are also not available. Derivation of these equations would, in any event, be

beyondl the Scope of this thesis.

The best "t-rue" testbed is the aircraft. itself. The validity of the linearized EOM and all the

other app~roximations that resulted in the linearized system rep~resentation will be clear as a- result,

of flight testing. Flight testing is a major undertaking and also beyond the scope of this work. Ut

is p~lanned that. this flight control system will be implemented and flown at. a later dlate and (fhns

its "true" performance will then be seen.

5.2 it/ Loop Transmission Design Verification

E~achi QFT1 loop design is simulated to verify the synthesized loop tratismissioii(w) The

block diagram implemented in Matrix. is shown in Figure 5.1.

Figure 5.1. Filtered iv'-planie Loop Transmission Response Configuration
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Step inputs are applied to the system in Figure 5.1 for i = 1, 2,3 and for each i, the system response

qij for each plant, case 1-6 is generated. Thus six system responses are generated for each channel.

These verification responses are in Appendix G Figures G.1, G.2 and G.3. Since two designs are

completed for each channel, simulations for both are shown. The Type 0 design for the pitch-rate

channel is also shown there.

.5.3 t/, System Sidulations

The loop transinission simulations in the previous section are SISO simulations with no dis-

turlances and only verify proper design synthesis. The full MIMO w'-plane systems are simulated

to verify both proper tracking performance and disturbance rejection witlh the MIMO interchannel

interaction present. These simulations are conducted in accordance with Figure 5.2.

Figure 5.2. w'-plane MIMIO System Simulation Configuration

These simulations are performed without amplitude limits on the control.surfaces and proved to

miatclh nearly exactly, when the surfaces are not limiting, with the hybrid simulations described

next. For this reason, these simulation results are not shown since they are equivalent to the

hybrid simulations.

.5.4 Hlybrwd, Syslcin Noninteracting Sinnulations

Figure 5.3 shows the Matrix, block diagram implementation for the hybrid single-clhaitnel

excitation noninteracting simulations.
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Figure 5.3. llybrid Nonlinear (Effector Amplitude Limit~ing) Lambda MIMO System Simulation
Configurat~ion With z-plane Coitrollers and Prefilters alId s-plane Aircraft Plant,
Actuators andl Sensors

Th~le command inl)Ut~S qcd, PCII~d, andl rc are applied in units of (deg/sec) and converted t~o

(rad/sec) immediately at. the simulation input and lback to (deg/sec) just Iefore output.. The

automatic flight. control system reqjuires (rad/sec) internally. The F(z) and G(:) blocks in the

simulat~ion contain the dliscretized w'-plane QFT designed prefilters and controllers respectively.

The AACT block contains the weighting matrix elements and the conltinuous effector actuator

models. Amplitude limits specified in Chapter II on page 2-5-are implemented in the LIMT block.

Amp~litude limited effector angles are also outputs of the simulationi. The continuous plants Pits)

are used and t~he cont~inuous rate-sensors are contained in the feedback block SEN.

Perturbation EOM are derived by linearizing a system about anominal or trimn flight, conudi-

tion. Bly definition, the initial conditions on the system states in a perturlbation EOM set. are zero,

however, ini the case of an aircraft system, the effector positions required to reach and maintain the
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trim condlition are not. usually zero amid thus, the effective anilitudc limits onl effictor actuation

for a given flight condition call be different. For example, plant #1 for flight condition #1 is a trim

condition ill slow fight. at. a high angle-of-attack where the elevator is deflected upl significantly.

Obiviously, for this p~lant, further uip elevator deflection is limited and any pit-ch-i) nmaneuver will

be subject to this limitation. Normally, a simulation is designed so that these effector (deflection

limits with trimi (leflections accountedl for is used. These trim effector positions are muot available

for Lambda and are not used. For the subsequent simulations, it is assumed that each elfector is

not, deflected (00). This assumlption is significant for pilant case #1 only as described above. TIrim

effector deflections for the other five p~lant cases are not nearly as significant, as for pilant, case #1.

Thus, pitch-up maneuvers for lhant, case #1 may not be as simulated since the elevators will limit

some* (.hai the simulations show. It should be noted-hiere that this is not desirable since it. would lie

mnuch better to use the correct angle limits based on the trim effector positions in the simulations.

Hlowever, knowledge of the trimi effector positions is not required in the dlesign p~rocedulre amid thus

does not change the design synthesis.

Recall that P,(S) is transformed to the w'-phane with the data hiold or ZOII asumption.

Matrix, performs hybrid siuluations-of continuous and discrete system blocks by inserting a ZOII

device between the output of a discrete system block driving a continuous systemn block. Figure

5.3 shows where the ZOII device is inserted by Matrix,. The discussion in Chapter Ill out-lines the

reasons whty it's not. desireable to dIrive continuous systems with discrete signals.

Trhe basic system plants Pi(s) for each-flight condition are modlifiedl to providle, in addition to

thme desired coit-rollod outputs of q. 1), andl r. all system state variables. Also. the amplitude limited

effector angles are tagged as dlesired simulation outputs. This is shown in the block diagramn as the

simulation OUT vector such that OUT in system variables is:

OUT = P ci. b "ijp P 6 ",R f 61 b" b"',CI 6, (5.1)1
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The results of these simulations are contained in Appendix (. Simulations are shown for a

variety of inputs. Each rate channel is exercised individually for each of the three inputs below

* 15 second duration, l*/sec rate pulse

* 1 second duration, 45*/sec rate pulse

* I second duration, 500*/sec rate pulse

and the resulting state variable and limited effector angle outputs are plotted in the Appendix G

figures. Pitch-rate channel simulations do not include the lateral state responses of , and /3 or the

rudder and flap responses since they are all zero. Roll-rate and yaw-rate channel simulations do

not. include the longitudinal responses of 0, it, and (v or the elevator responses since they are zero

also. Note that, numbers shown on the plots in Appendix G denote plant case numbers. Only those

plant. cases of particular interest, are labeled.

5.5 Hybrid System Coordinaled Turit Simulations

The single channel excitation of all the prior simulations serve to demonstrate the successful

imlplementation of a three-axis rate-commanded automatic core flight control system for Lambda.

This core system serves as the basic flight control system in allowing many possibilities for outer

1001) feedback control. The advantage of a noninteracting three-axis flight, control system can't. be

stressed enough. It alone makes many future and versatile Lambda flight control system outer loo)

enhancements possible.

It is of interest now to see how the design performs in a normal more realistic maneuver. The

longitudinal channel is decoupled from the two lateral channels in the linearized EOM system so

further longit udia!simulation is-basically-unexciting. The lateral channel, however, is different.

A coordinated turn requires simultaneous roll-rate and yaw-rate channel input. Simulation of an
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ext ended multi pie input maneuver like a constant-lank coordinated turn wvith no eff'ector liitiing

problems adds further credibility to the design.

Turn coordination will be added to Lambda in the future and it's not knowni now just. exactly

h~ow it will be imiplemented. Many dlifferent techniques exist and lBlakelock [3] presents somle in

his boo0k. For this simulation, Equation 4-10 iii Blakelock [3:147] is used to provide an appropriate

yaw-rate comnmaninpumlt for the pilot selected bank angle.

?- = ±Sinl 0(t) (5.2)

A turn is coordinated when 03 (sideslip angle) remains small. The yaw-rate calculated in Equation

5.2 is app~roximate and the first simulations showed it is uindercalculating r somewhat. Equation

5.2 is modified to correct this as follows:

rQSil 0 n(1) (5.3)

- a' sn~(t)(5.4)

The a' in Equation 5.4 is found such that 13 remains realistically smnall (luring the maneuver. The

ap~proximate nature of Equation 5.2 justifies the modification. Figure .5.4 shows tihe Mlatrix" sim-

lation block diagramn for these simulations and the results are contained ini Appendix G4. Plant cases

#1 and #2 are used for the coordinated turn maneuver simulations. Plant case #1 is thme slowv

.spced case where the aircraft, is flying just above stall at 100 angle-of-attack. Plant case #2 is the

other extreme or thme fast speed case where the aircraft is flying at. top) sp~eed with a small negative

angle-of-attack. Tihese cases rep~resent the extremes of the modeled aircraft dynamics. Template

data in App~endix E b~ears this out. Table 5.1 gives the a' used for Equation 5.4 in thme simulations.
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Tablle 5.1, Calculated Yaw-Rate Turn Coordination Gain a' And a For Plant, Cases #1 and #2

Plant a' (rad sec) I aylVt (rad/sec) I
1 I 0.4757 I 0.54 I
2 0.19 0.185

Figure .5.,. hlybrid Nonlinear (Effector Anmplitude Linmiting) Lambda M1MO System 450 Cor

(dnted Turn Shnulationi Configuration With z-plane COtrolers and Prefilters aiid
s-plane Aircraft, Plant., Actuat~ors and Sensors and Approximate (" oniput~ed Yaw-Rlate
'1'urli Coordination

i.6 Sinulinon Results

5.6.1 AISO Ilctrchannci Disturbance Rejection. MISO interchannel disturbance rejection

jlerlforllauce is usually assured1 in channel 100o) shaping by synthesizing the loop transmission subject

to dlistulrbance bounds in add'Pon to the p~hase margin bounds and crossover constr'aint~s. Again

here as ientionedl above, the maxitmum achievable imiterchannel dlisturb~ance perforniance is subject

to the loop gain achieved. For purposes of specifying the design, the worst case interchannel

disturbance performance is given. It. is derived from the worst case time history of a lateral 5

sec¢ durationl, 5 0/sec simulation. Due to the decoupled lateral and longit~udinal aircraft niodes,

Figterhannel responses are only applicable to the lat igeral sysLem.

Plant case #1 is t he worst, case for iiRt erchannel disturbance rejection such that all other plant.

cases have a greater inteerchanuel disturbance rejection performance. The plots i Figure 5.5 show

the ilterchatnnel distuurance resjtonses uo each lateral hipt for design #1. "rh-ulaliou of these
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data and also the performance of design #2 are contained in Table 5.2. The figures for design #1

in the table are a)proximated from the lateral channel response plots in Figure 5.5. The figures

for design #2 are generated similarly, however, the plots used are not shown. Approximate steady

state I)erfornmance is used.

P m d Input Pomd Input
12 1 * 10
10 8

)(I) 8 P p(6) 6
r(I) ( r(t) 4

4
2 G 2
0 0

-2 - I -2
0 2 4 6 8 10 0 2 4 6 8 10

Time (sec) Time (see)

Figure 5.5. Plant, #1 (Worst Case) Interchannel Disturbance Rejection Performance for a 3 see
Duration 100/sec lnput to the Lateral Channels

Table 5.2. Plant #1 (Worst Case) Interchannel Disturbance Rejection Performance for a 3 see
Duration 100/sec Input to the Lateral Channels

I Roll-Rate Channel Excitation
Design #1 [ Design #2 I

-18dB -23dB

0I Yaw-Rate Channel Excitation t JB Design #1 1 Design #2
-16dB -24dB 1 -20dB * -54dB

t For the rc,,d input, the disturbance response (p) reaches steady
state before r and thus the rejection response changes as r ap-
l)roaches steady state. The figi. es attempt. to show this by giving
the rejection specification when p first reaches steady state to when
the inlIut ('cmd) is commanded to zero. Figure 5.5 shows that the
rejection performance increases from the first. steady state p value
to the point when the input is commanded to zero,

5.6.2 Tracking Performance. The a priori specified tracking performance is -achieved for

the yaw-rate channel only. Steady state tracking performance is achieved for the pitch-rate and
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roll-rate channels, however, the limitations imposed by the NMP transformation zeros, the olher

high frequency elements, and the desire for low order compensation make it impossible to achieve

the gain required to ncet the low frequency tracking bounds. Thus, even though maxinum loop

transmission is synthesized subject to all loop shaping constraints, the tracking bounds are still not

met, at. some low frequencies for the pitch-rate and roll-rate channels.

The pitch-rate and roll-rate channel low frequency problem is a result, of the characteristic

large magnit.ude drooping present. On the NC, this appears as a large low frequency loop. The

drooping in these two channels is significantly larger than in the yaw-rate channel whetre tracking

specifications are met. This drooping could be removed if compensation order was not a concern.

The easiest, way to synthesize the loop then would be to include the NMP elements and any unstable

poles in the nominal loop transmission synthesis and design the desired loop transmission with no

concern for any other elements in the nominal plant q,,,. Thus, gy is formed by:

S- H(5.5)

The compensator /i synthesized in this way may be of significantly higher order and thus, for

the purposes of this study. would not be implementable. Compensation of the drooping in this way

does not guarantee that tracking bounds can be met. The maximum loop gain attainable subject to

the loop shaping constraints may still be insufficient, to ensure compliance with all tracking bounds.
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VI. Wing Leveler Aut opilot Design

This chapter presents a wing leveler autopilot design and simulation based on the implemen-

tation of the rate-conmmanded automatic flight control system designed for Lambda in this thesis.

The specifications, design strategy, and simulation of the wing levelerare presented.

6.1 Backg o id

A wing leveler, for the purposes of this study, is a feedback system designed to keel) (lie

aircraft roll attitude level with the horizon (0 = 0) by returning the aircraft, to the level roll

attitude after a bank angle disturbance. A more complete roll attitude command system may

include bank angle command in addition to a wing leveling function. It. is natural andl possible,

due to- the noninteracting nature of Lambda's QFT designed automatic flight control system, to

use the roll-rate channel and the bank angle signal available to provide the wing leveler function.

A noninteracting system means that inputs to the individual channels do not. couple to the

other channels and produce responses. Thus, a three channel noniuteracting system like Lambda

can be represented by three decoupled SISO systems. This is a-pleasing situation when considering

outer loop feedback control since a MIMO design is much more complex in general. If the system

was interacting, then additional feedback loops designed to quell the interaction dynamics may be

required. In short, a MIMO design synthesis would be needed. For this wing leveler design, '(Che

SISO roll-rate channel is used.

The QFT synthesized Lambda automatic flight control-system is depicted in Figure 6.1. On

Lambda, bank angle 0 is available from a vertical gyro sensor and thus it is shown as a secondary

output in Figure 6.1. Bank angle 0 is related to roll-rate p by the relation in Equation 6.1.

¢(t) = p(t) (6.1)
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Pom Lambda P
1~1,

Figure 6.1 Lambda Three-Axis Noninteracting Rate-Commanded Automatic Flight, Control Sys-
teut and Aircraft Block Diagram

In the s-plane, Equation 6.1 is:

0( 1(S (6~.2)- p(s)

An integration of the roll-rate signal p(t) will produce 0(t) with the appropriate initial conditions

assuned.

Disturbances to 0 enter the system in the pilot, roll-rate Pond command input channel and

at, the bank angle output ,. External disturbance to bank angle is denoted as Od. Bank angle

disturbances in flight can occur very rapidly and typically result friom wind gusts, turbulence, air

pockets, etc. In caln air, these disturbances may be small and easily handled by the pilot., but,

in rough air, considerable pilot, attention may be required to maintain the desired flight. attitude.

The whole point of a wing leveling function is to reduce pilot workload in maintaining the- flight.

attitude to facilitate timely accomplishment of other cockpit tasks. It is best, classified as a pilot,

assist, function and not an aircraft stability augmentation system.

6.2 Pcrformance Requirements

S ,ction 3.1.1.5.2 of MIL-C-18241,A [27] contains specifications for die design of various pilot,

assist, functions including the wing leveling or roll attitude hold function. This standard requires

that-the selected roll attitude be maintained within a static accuracy of ±0.50 with respect, to the
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gyro accuracy. It also requires that the transient roll response to a bank angle disturbance be

smooth and rapid and that the aircraft return to level flight or to the preselected bank angle from a

bank angle disturbance of 200 with one overshoot not exceeding 40 or 20% of the initial disturbance

[27].

6.:? Dcsign

The wing leveler function is added as outer loop control around the basic QFT automatic

three-axis rate-commanded flight control system. The SISO roll-rate channel with a bank angle

disturbance input 01 added is shown in Figure 6.2.

QFT FCS Roll

Figure 6.2. Outer Loop Wing Leveler Feedback Control Scheme

The MIL specification does not strictly quantify the value of a rapid return to level flight

and thus leaves that detail to the designer. It is acceptable multiloop feedback design practice to

enclose the higher bandwidth systems in the inner loops by the lower bandwidth onter loops. This

design philosophy requires that, the wing leveler outer loop be slower than the basic QFT roll-rate

Commnland s yctm and the following specifications are established for the design:

" '1,.r 2 sec

" T, 6sec
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* > 0.707

All assuilptions and conditions for the s to w' plane equivalence are the same as for the basic QFT

flight control design so that Hf(W') - H1 (s). The form of the feedback controller is IHf(it,) =

K0,I!(tw') where HO is chosen to be a proper W-plane transfer function of first order.

W - Z1 (6.3)
tt - P1

z1 and pl in Equation 6.3 denote a stable (negative) zero and pole respeci.ively.

Tx1 e strategy is to design HO so that the closed-loop system possesses the second order sys-

tem characteristics specified by the requirements above. These requirements yield the closed-loop

dominant pole pair in Equation 6.4.

p = -td 4Jd = -0.67-jO.60 rad/sec (6.4)

The roll channel QFT system for all plant cases Pi is represented as:

p(tw') " f2,2( w')02(w')q(') (6.5)

Pcmd(W') I + f2(w')qj2.2(w')

In the frequency range associated with the desired closed-loop pair (Equation 6.4),-the roll channel

QFT system is approximately:

A( t") f22'(6)

since 92(0V'D)q2 (w') >> I (see- the roll-rate w' frequency response bounds in Figure D.3 on page

D-5 in Appendix D). The roll-rate prefilter dominates the aircraft, response in this frequency range.

Lambda has a vertical gyro providing bank angle data from level flight. and so, for the design
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syntIh(sis, and to satisfy tlh relation in Equation 6.2, all integrator is added. Figure 6.3 shows the

equivalent w'-plane wing leveler design block diagram.

Figure 6.3. w'-plane Wing Leveler System Block Diagram

The elements shown in figure 6.3 are:

20
W( + 20

f 2 ,2 (w') = 0.125(w'+ 20)

t,' w'(w' -+ 2.5)

HO(' /- 1  
(.9)

w/ - P1

Proper w'-plane transfer functions are not really needed for the integrator or the sensor in the

ensuing design synthesis since, in the frequency range of interest, the difference between the above

elements and proper w' transfer functions is insignificant. For the design, the commanded roll-

rate input is assumed zero (Pcnd = 0) so that. the feedback transfer funiction for the roll angle

dist.urbance control ratio ( ,')/4d(tO) is:

St".,) = ,Cw') H (') I, h, 2(,') ((.10)

~20 ] [K, (t'-zl)] ro. 125(t)'+20)r 0.1
= lw'+20 I [w '-pJ L '+2.5 tV' (
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w here

~(o' _ I __ D
'Mw') I ~,w -D+ N(6.12)

Statdard toot, locus analysis is used to chose z, and pj to realize the dominant. second-oi'der

closed-loop pole pair of Equation 6.4. The 14w)and KA synthlesized is:

HO(u') = 11' +. 56 3
W,' + 1.5 (~3

Ki= 0.2 (6.14)

The (listkurblice control ratio with the HO and~ K,6 of Equation 6.14 is:

______ __ ()(_+_1.5)('+_2.5) ( 5
Od~tl") (w' + 0.5993 ± fO.7303)(w' + 2.8015) (.5

A few issues are worthl mentioning at this polit about the design. First, for the specific

structure of Hk, it. is dlesirab~le but, not a requirement to achieve a low order compensator. HI6

could 1)e more complex and- for some problems may have to be to achieve the desired closed-loop

system. For Lambda, the first order compensator is enough. Second, the worst case sensor model

is used, however, its inclusion had anl insignificant effect onl the compensator pole/zero placement..

Third, wing leveler activation alters the roll-rate input to the aircraft. Instead of a pure pilot.

rolI-rat.e command, the aircraft roll-rate cilannel iput is anl error signal difference between the

pilot. Input. and the wing leveler correction signal which is dhirect ly proportioiuil to t-le hank angle.

Since (lie wing leveler dyinamics are slower thanl the inner roll-rate commnand loop, it is p)ossible for

the p~ilot. to oiverpowver tile wing leveler while it is activated in order to make aheading chiange or

p~erformn sonme other maneuver. Upon removing the p~ilot input, thie wing leveler returns the aircraft.

to (lie level banik angle flight condition. This is a dlesirable and mandatory requirement for anl
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attitudk pilot. assist. function.

lf (w') is transformed to the z-plane with the bilinear transformation of Equation 3.A. The

resul ting z-plaiie controller is:

Hf(: 0.O20576( - 092) (113

0.20576z: - 0.18930 (0.17)
z- 0.97.531

0.20576 - 0.18930z-i 1.8

1 - 0.97531:-l

For If = Y/R:

Y(z) [I - 0.97531-l] - R(--) [0.20576 - 0.18930--'] ((6.19)

Tlw dliff'erence equation for implementing Hlf is:

y(kT) = + 0.97531 y[(k - 1)Tj + 0.20576 ii(k) - 0.18930 u[(k - 1)71 (6.20)

6.4 Shiulation

All simulations of the wing leveler design are p~erformed on Matrix,. Verification of (lhe Hf

dlesign is accompllished by simulating the wing leveler- w'-planie design in accordance with the block

diagramn ini Figure 63.3. The design verification is accomplished by setting a 200 initial COid(ition

on (lhe outp~ut integrator t~o simulate an impulse b~ank angle disturbance and setting the command

inPUt. t~o Zero (1) ....d = 0). Figure 63.4 shows the results of this simulation. The abihity-to ovni'jowli'

the activated wing leveler is simulated ini Figure 6.5 by setting a zero integrator initial condition

anid aplplying n nonzero roll-rate commnand Pcnimd. In this simulation, a I seconid duration, 206/see

roll-rmite input, is appllied t~o simulate a pilot command input. (luring wing leveler operation.

hlybrid simulation of the wing leveler is done to verify the z-plane imlemnltationI of Ifj
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Figure 6A'. w'-plaue Winig Leveler Response to a 200 Initial Condition Bank Angle Disturbance

20
p

0.2(u,'+5)15 Hf (0) -_____

0~(t) 10

(0) 5

0

-5 1 1

0 2 4 63 8 10
time (see)

Figure 63.5. w'-piane Wing Leveler Response to a 200 Pilot, Input Bank Angle Disturbance



Th'le lblock diagram for this simulation is shown in Figure 6.6. The aircraft block in Piguire 63.6

is aIeld it T t dno~eth cosd-oo QTAutomatic fih oto ytmascaelwt

the ith plant, case Pi. It. is a continuous system block; however, discrete system blocks, niamely the

chanel lprefilters fi,i(:) and the charnnel controllers qj(z) are contained within. The bank angle

sensor is Continuous andI the wing leveler feedback controller is discrete. For the hybrid simulations

in Figure (3.7, an initial q0 condition of 450 is set ini the 0 plant integrator state to p~rovide4 (lhe initial

bank angle disturbance.

6.5 Restilts and Discussion

The wing leveler system response figures-of-merit are derived approximately from the hybrid

simulations in Figure 6.7 and the verification simulation in Figure 6.4.

* T, _- 2 sec

* T.-t 6 sec

* 0.7
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Figure 6.7. Ilybrid Ving Leveler Response to a 450 Bank Angle Disturbance For Plant. Cases 1-6

he pilot, input disturbance simulation in Figure 6.5 demonstrates the ability to overpower the

wing leveler when required. The overshoot is 20 for a 200 bank angle disturbance or 10%. The

feedback transfer function for the disturbance control ratio is Type I as shown in Equation 6,11,

and thus the disturbance control ratio has a zero at, the origin as in Equation 6.15 yielding zero

steady state error to a step input, as demonstrated.

This roll-attitude pilot assist autopilot function design meets all the requirements of MIL-C-

182,14A. It-is-a very simple design that-only-levels- he-wings in-response to hank angle disturhances.

It does not. )rovide the capability to preset an initial bank angle and hold the roll attitude relative

to the preset bank. To provide this feature on this aircraft, turn coordination must be iml)lemented.
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Ths proset, ing I(ev('hr bank angle will and should result in a const ant coordinated turn.



VII. Conclusions and Recommendations

7.1 Summary

This thesis demonstrates the successful application of discrete MIMO Quantitative Feed-

hack Theory to the design of a three-axis rate-commanded automatic flight, control system for the

Lambda UrV. This study finds that the application of discrete Q'T is a straight-forward and

systematic design procedure. The experienced control system designer can apply these leclniques

to many control problems with relative ease. One should, however, be comfortable with all aspects

of frequency plane design synthesis and system description and tb,. corresponding time domain

implications. That's not to imply that. the novice designer should not use QFT. On the contrary,

application of QFr to a problem is an excellent way of gaining invaluable experience in frequency

plane design.

Most studies at, AFIT prior to this have dealt with flight control reconfiguration issues. Typi-

cally, for the QFT reconfiguration problem, one basic or nominal aircraft. flight, condition is selected

and failure conditions are generated from that nominal case to quantify the plant uncertainty in the

presence of surface failure. It. should be obvious that, in a-reconfiguration strategy, it is desirable to

have a number of the available effectors weighted sufficiently to provide the desired control so that,

with the failure of some of the effectors, the desired system response or, at least system stability,

is achieved. Due to their physical location on the aircraft and their size and angular displacement,

certain effectors are "primary" and are "naturally" the best effectors in generating certain aircraft,

responses. For example, in a conventional tailed aircraft like Lambda, elevators, ailerons, and

rudder are the primary effectors for generating pitch, roll, and yaw respectively. In general, recon-

figuration strategy requires heavy weights on "secondary" surfaces so that, the weighting matrix

A synthesis, required- for blending the effectors to produce a square system plant, becomes quite

involved and not. so straight-forward.
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For this study, a basic flight control system capable of being implemented on Lambda is

needed and thus, a reconfiguration strategy is not used. To this author's knowledge, no completely

QFT designed flight, control systems have, to this point, been implemented for actual Ilight. testing

on any Air Force aircraft. The weighting matfix selection in this study is therefore greatly simplified

as described in Chapter II and the resulting effective plants have the minimum phase determinants

desired.

The numeric difficulties with effective plant, discretization documented in past efforts is elim-

inated with the application of the Hlofmann algorithm. The effective plants Pi(s) are quickly

discretized in the w'-plane with a Matrixx macro program.

The effective plants Pf.(s) for this study, with a three pole actuator/sensor model, have all

excess of four poles. This produces two NMP zeros in IP'(t,')I. The phase of these NMNI zeros is

accounted for by including them in the template generation and in the nominal loop transmission

shaping for each MISO channel. In this way, these NMP characteristics are handled direclly and

successful toop transmissions are synthesized for each MISO channel in this study.

Hybrid nonlinear (effector amplitude limited) simulations on Matrix, of the completed design

verify the successful application of discrete QFT in this study. The yaw-rate channel meets all

specifications. Due to the large uncertainty at low frequencies in the pitch-rate and roll-rate MISO

chanmels, some low frequency tracking bounds are quite high and not. met by the respective loop

transmissions. In a strict sense, a priori performance specifications are not, met by the pitch-rate

and roll-rate channels since the low f'equency tracking bound violations result, in minor sagging of

tihe time responses. It is reasonable to assert. that, this may not he very noticeable or even detectable

to tie Lambda pilot. Pilots tend torate aircraft on transient performance, and so, in that sense,

t-it QFT dcsigns generated in this study meet all a priorispecifications.

As an added bonus and due to tie-success of the basic design, an autopilot function design

is demonstrated. With a nolfinteracting three-channel flight control system in place, ouler loop
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aut opilot, functions and control enhancements b~ecome quite simple to design and implement. A

wing leveling function is synthesized that very grap~hically dlemonstrates this. Only one (lifference

(qilation aid the appropriate programil logic to turn it. onl and off is requiredl to iniplenieiit this

design.

7.2 Conclusions

The objective of this study was to produce anl iniplemientale set of discrete controllers and

prefilters to p~rovide a core three-axis rate-commnanded automatic flight control system for Lambda.

A third ordIer effector actuator/sensor model is used and successfuil designs are achieved by dirctlly

handling the iherent. NMP transformation elements of the discrete MISO system (Q00'). It. ap)-

pears that, even higher ordler (miore excess poles) effector actuator/sensor models canl be handled in

a (discrete dcsign by this direct approach. The NMIP elements of IP'(u;')j resulted from transformna-

Cionl to tlhe w'-plane of a MIP (IPi (s)I) system and were located no closer than the NMPII samplinig

zero at 120 (rad/sec). It is reasonable to assume that, given a NIP (IP'(s)I) system, the NIP

elemniits associated with the discrete representation wvill be no closer than the sampling zero and

successfuil tool) transmissions should be synthesizable based onl the p~lanlt dynamics andl regardless

of the eff'ector actuator/sensor nmodel used. The discrete NMP characteristics of a continuous NIP

system represent, a loss of information betweein samp~les of the continuous system dlynaniics and this

(ho therefore rep~resent "real" llit-dynaiuics. The timec delay-inhecrent in the sampling process for a

discrete systeni manifests itself in these NMP zeros. Continuous system plant. NMIP p~roperties are

aiolier mnatter and would ob~viouisly transform directly to the discrete system creating p~rolhemil

thie design synthesis for QFT or any other robust dlesign technique.

All calculations, manip~ulations, simulations, etc for this thesis are performned with NI atrix" onl

a, RIN workstation. Just prior to the start. of this work. a new version of Matrix), was installed

with chainis of major numerical improvements. It appears that this new workstation version is
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(Jilite improved since no numerical problems witih polynomial convolution and other nu oierical

calculations was noted as was the case in past studies with older versions of Matrix. The success of

(his st.udy is partially attributed to the absence of numeric difficulties and the decision to comletely

handle all data with Matrixx except. for the initial plant case inputs.

7.3 Rccommcidalions

As a consequence of this study, some areas for further attention have surfaced. First., lhe

weighting matrix was simiplified in this study to facilitate an inplementable design. It. was rec-

ognized friom the start that weighting matrix selection, especially if optiniality is considered, is a

inonumontal task and may well be a topic for further independent study as a thesis or dissertation.

The weighting matrix employed in this thesis is a natural and acceptable blending of the available

lambda effectors and in no way detracts friom the success of the design. More systematic weighting

matrix selection should be revisited in future studies building on the results Hamilton [8].

Second, past studies have recommended CAD-package development, to facilitate the timely

and error free design application and this study is no exception. It. would be hard at. this point,

to specify the capabilities required of a stand alone discrete QFT CAD package flexible enough to

handle the many variations possible in a given problem formulation. It is suggested that a front.

end package for Matrix, be designed to ease data entry and maximize the use of Matrix, for the

initial design transfer function manipulations. It is envisioned that Matrixx could form'the core of

this QFT design package due to its very flexible command environment.

Third, it. is recommended that. design #2 controllers and prefilters be implemented for actual

flight testing on Lambda. That is the bet-ter design in terms of more closely meeting the a priori

specified performance requirements. Simulation of the design with the nonlinear equations of motion

before flight testing is a possible consideration before actual flight testing is attempted. If (.lie

design fails in the nonlinear setting, it can only mean that it is operating outside the bounds of
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plnt uncertainty sp~ecified a priori or the liniearized EOMI given for the linearized design are in

error. All things considered, it is anticipated that at the very worst, I '-.re may be sonie "flyable"

flight. conditions in the nonlinear setting thlat are niot containe-. -within the designed For range of

plant. I1aranieter uncertainty andl may not. give the specified performance or may b~e unstable. Ut is

important t~o remember though that the QFT design is very robust. and roIbustmness is enhanced lby

tihe overdesign inherent. in any higher than required 1001) transmission synthlesis ini a tool) designm.

Thums, it is entirely possible that some areas outside the quantified plant parameter uncert-aint-y may

also show the specified performance.

Last, given successfuil flight, testing of the dlesigni, time wing leveler should b~e impllemntned

and tested. InI adldition, a comp~lete attitude command autopilot system should be (designed and

implenmented for Lambda to tako fuill advantage of its unique cap~abilities.
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Appendix A. Lambda Descriptive Data

The following data are given for the Lamibda URV. It. is derived from initial flight, testing and

the Digital DATCOM CAD package used to design Lambda.

" WVing span - 14 ft

" MAC (mean aerodynamic chord) (V) - 1.51 ft,

" Reference wing area (S) - 21.1 ft2

" Mininiinn weight - 150 lbs

" Nominal weight - 168 lbs

" Maximum weight - 200 lIbs

* Maximum speed - 100 knots in level flight.

" No flap stall speed - 45 knots

" 200 flal) stall speed - 35 knots

" Takeoff speed - 60-70 knots

" Landing speed - 50-70 knots

" Nominal C(4 full fuel - 32% MAC aft of leading edge

" CG' range empJty fuel - 26-41% MAC aft of leading edge

" CG range full fuel - 32-47% MAC aft of leading edge

" Aileron deflection limit - +15' up -10* dlown

" Flap deflection limit - -~20' down

" Rudder deflection limit - :l 25*

" Elevator deflection limit - ± 15*
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Appendix B. Aircraft Models

Six flight conditions are used in this design. A short description of how the flight. condit.ions

are generated begins on page 2-7. A tabular listing of the flight conditions is reproduced here in

the t.able below.

'Table B.1. The Aircraft, Flight, Conditions

Plant # Speed CG [Weight o a CL CL l C,, C,,
_ 1 (kt.s) (% AC) (Ibs) j I I II

1 40 50 150 10.40 [1.289 1.0911 0.065:3 -1.528
2 100 50 150 -1.64 0  0.210 1.806 0.0615 -5.266
3 100 25 200 -01.96 °  0.280 1.94 -0.0072 -6.133
4 70 50 200 1.90 0.564 1.554 0.0682 -1.527
5 70 25 150 0.5560 0.427 1.769 -0.0448 -5.595
6_ _ 70 25 150 0.5560 0.427 1.769 -0.0448 -5.595

tNote that plant #5 and #6 appear to be the same. Their flight.
parameters shown in table B.1 are identical however changes were
made to the stability derivatives such -tlhat. plant #6 represents the
ver'y worst case combination of the derivatives C,,,, C,, C',,, C',,
and C,.

The Lambda aircraft. models for these flight conditions are provided by WRDC/FIGL in

the form of the aircraft body axis primed dimensional derivatives. An explanation of this type of

aerodynamic derivative is found in references [3, 7].

The aircraft, model in state space form used for this design is:

k(t) = Ax(t) + ButI) (B.1)

y(f) = C x(t) + D u(t) (13.2)
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In the aircdrft. I)ody axis dimensional derivative form, these equations become:

0(t) 0 0 0 1 0 0 0 0 0(f)

ii(t) X'\ X, x" X , 0 0 0 0 11(t

6 (t) zo Z' Z" Z, 0 0 0 0 o(t)

me(t) _jil I1, I 1fI 0 0 0 0 q(I)

@(t)0 0 0 0 0 0 1 0 0b(t)

/Y(t) 0 0 0 0! 13(t)

A0 0 0 0 0 0 L L' , L. p(t)

;%(1) 0 0 0 0 0 I\F'3 JNrj, N ,.(t)

0 0 0 0 0 0 0

A 6R x . 0 664n(I)
ZI  Z61 ZI  z/ I I

L *R Yf Z6y Z4*L Z.R o
z~i z JR OL

6
fL(

1 )

+ 1MI L Ri~ A L '16'j R 114. L A 16'R 0o+ 0 0 0 6
fR(t) (13.3)

0 0 0 0 0 0 0

TI y 
6 ~R (t)

0 0 0 0 0 o 7

LI,6 LlR L, LR L', L', LI,

6 L nR IL JR 1L 
4L ' A1 NJ .R N '611 N' N A1 '. L A. vb L

o(t) (,.ad)

(f) (ft/sec)

a(l) (rad)

p(t) 0 0 0 1 0 0 0 0
q(t) (rad/sec)

0(t) (rad)
r(I) 0 0 0 0 0 0 0 1

,O~f) ( ii/e)(3.I

p(t) (rad/sec)

r(-) (r2d/see)
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Table B.2 and B.3 are tabular listings of the body axis primed dimensional derivatives in

units of l/sec.

Table B.2. Aircraft Model Lateral Dimensional Derivative Data

Flight Condition

# _ I # 2 #3 #4 #5 #__ 3

40 kts 100 kts 100 kts 70 kts 70 kts 70 kts
C_ 50% CG 50% CO' 25% CG 50% C 25% C 25%
1501I)s 150 lbs 200 lbs 200 lbs 150 Ibs 150 Ihs

__ = 10.40 a' =-1.640 a =-0.960 a- = 1.90 0 -- 0.5560 a' = 0.556 °

'1 0.475676 0.190265 0.190265 0.271798 0.271798 0.271798

___ -0.0979 -0.247452 -0.185589 -0.129427 -0.17257 -0.17257

YL 0.18076 -0.0286309 -0.0167993 0.0329826 0.0095594 0.0095594
Yi; -0.993786 -0.993707 -0.995281 -0.995258 -0.993712 -0.993712

'' 0.0735538 0.184001 0.138001 0.0965949 0.128793 0.128793
L'j -4.42851 -5.23061 -8.84221 -6.58808 -4.38385 -,.30135
L', -2.89123 -12.467 -11.1274 -7.68487 -8.58997 -10.205
L,. 3.3633 1.84869 2.00065 2.39331 2.10875 2.102,18

LT 0.582036 3.3515 3.01717 1.47777 1.63497 1.63,97

Ls -0.582036 -3.3515- -3.01717 -1.47777 -1.63497 -1.63'197

L% 6.55765 40.8274 36.7615 18.0489 20.0038 20.0038

L -6.55765 -40.8274 -36.7615 -18.0489 -20.0038 -20.0038

L 11.8798 73.663 66.3312 32.4528 36.0059 36.0059

L, -11.8798 -73.9822 -66.3312 -32.4528 -36.0059 -36.0059

S 1.26732 -1.25659 -0.662067 0.641964 0.208767 0.208767
N___ 1.53915 11.532 12.8746 5.31588 9.55164 3.40761

Afj, -0.823552 -0.0941559 -0.226784 -0.552717 -0.54654 -0.551241
N, -0.187398 -0.779109 -0.864736 -0.503889 -0.901531 -1.62835

0.0565537 -0.0508011 -0.0280877 0.0272348 0.0118997 0.0118997

NA -0.0565537 0.0508011 0.0280877 -0.0272348 -0.0118997 -0.0118997
Nl. 0.205708 -1.15497 -0.979359 -0.240337 -0.523322 -0.523322

N' -0.205708 1.15497 -0.979359 0.240337 0.523322 -0.523322

0.111915 -2.41373 -2.15844 -0.787371 -1.35742 -1.35742

N ,, -0.111915 2.41856 2.15844 0.787371 1.35742 1.35742

Nir' -3.65563 -23.2352 -- 21.9503 -- 10.751 -16.1346 -16.1346
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Ta)le B.3. Aircraft Model LongitudiiialDiiensional Derivative Data

Flight Condition
# # #2 #3 #4 #5 #6

40 k(.s -100 kts 100 kts 70 kts 70 kts 70 kls
CG 50%y C G 5 0 W CG 25% CG 50% CG(., 2 5 l C' 251k
150 lbs I,.50 lbs 200 lbs 200 lbs 150 lbs 150 lbs

a = 10.40 -- 1.64 '  a =-0:96O a = 1.9°  = 0.5560  a = 0.5560

9_ -32.17 -32.17 -32.17 -32.17 -32.17 -32.17
\1 0.00385506 -0.0574517 -0.0413963 -0.0243532 -0.0360561 -1.30833
X/ 38.0952 -6.35954 4.51655 31.4246 22.9839 21.5225
X, -12.0748 4.75225 2.76989 -3.87661 -1.11515 -1.11515

\ 1.15621 0.0146258 -0.300342 -0.763416 1 -0.635744 -0.635744

-1.15621 0.0146258 -0.300342 -0.763416 -0.635744 -0.0357,14

X' -3.53819 0.303286 -0.743093 -2.36357 -1.89333 -1.89333

\" -3.53819 0.303286 -0.743093 -2.36357 -1.89333 -1.89333
X -2.10141 0.944603 0.0970785 -1.20335 -0.820593 -0.820593

44. -2.10141 0.944603 0.0970785 -1.20335 -0.820593 2-0.820593
7-_ 0_ _ 0 0 0_ _ 0 0

Z' -0.014259 -0.00314731 -0.0026521 -0.00376754 -0.00428808 -0.004:392,1
-Z, -1.32638 -5.29872 -4.01458 -2.81562 -3.72577 -3.72589
0.983807 0.981947 0.97774 0.987683 0.970904 0.97090.1

Zj -0.081291 -0.20285 -0.150277 -0.103929 -0.14037 -0.14037

Z / -0.08t291 -0.20285 -0.150277 -0.103929 -0.1,037 -0.1,1037
Z'. -0.250987 -0.647605 -0.487936 -0.339101 -0.4,18443 -0/1484,13

4,, -0.250987 -0.647605 -0.487936 -0.339101 -0.448443 -0.448443

Z,j, -0.157063 -0.405856 -0.304528 -0.211861 -0.282525 -0.282525

-0.157063 -0.405856 -0.304528 -0.211861 -0.282525 -0.282525

me, 0 -0 0 0 -0 0
A 1 0.0141923 0.00402177 -0.00228065 0.000253322 0.00563355 0.006259 11
M, -3.3774 9.66986 -45.4757 7.38835 -24.5418 -31.1685
M,' -1.29817 -3.64553 -3.38135 -1.83395 -2.8509 -3.69636

11,, -4.41083 -26.9074 -23.2027 -10.5787 -14.1915 -14.1915
A., -4.41083 -26.9074 -23.2027 -10.5787 -14.1915 -11.1915

,j 0.00321951 -0.204912 -5.9655 -0.140934 -3.59539 -3.59539

4l, 0.00321951 -0.204912 -5.9655 -0.140934 -3.59539 -3.59539

0.0335753 0.0555291 -3.91485 -0.0134475 -2.35926 -2.35926

I 0.0335753 0.0555291 -3.91485 j -0.0134475 -2.35926 -2.35926
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Equation 1.3 shows the longitudinal and lateral mode decoupling present in this modd. 'rile

sections below )resent the A and B matrices of the state space models used ini this study. They

arn- derived by inserting the (lata presented in Tables B.2 and B.3 into Equation B.3. For ease of

l)resetat.io the matrices are displayed in the form of Al, A2, Bi, B2 where:

Al 0
A (13.5)

0 A2

Bl
S= (13.6)

B2

B. I light Condition #1 - Speed J0 kts, CG 50% MAC, Weight 150 Ibs, a = 10.40

0 0 0 1.0

-32.17 .00385506 38.0952 -12.0748
Al (13.7)

0 -. 0104259 -1.32638 0.983807

0 .014t923 -3.3774 -1.29817

0 0 1.0 0

.475676 -0.0979 .18076 -.993786
A2= (13.8)

0 -4.42851 -2.89123 3.3633

0 1.53915 -.823552 -.187398
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0 T

0 -1.15621 -. 0812910 -4.41083

0 -1.15621 -. 0812910 -4.41083

0 -3.53819 -.2509870 .00321951

DI = 0 -3.53819 -.2509870 .00321951 (B.9)

0 -2.10141 -.1570630 .0335753

0 -2.10141 -. 1570630 .0335753

0 0 0 0

T

0 0 .5820360 .0565537

0 0 -.5820360 -. 056 5537

0 0 6.55765 .2057080

B2 = 0 0 -6.55765 -.2057080 (B.10)

0 0 11.8798 .1119150

0 0 -11.8798 -.1119150

0 .0735538 1.26732 -3.65563

B.2 Flight Condition #2- Speed 100 kts, CG 50% MAC, Ieight 1150 lbs. o= -1.64'

0 0 0 1.0

-32.17 -0.057451 -6.35954 4.75225
Al = (B.11)

0 -0.00314731 -5.29872 0.981947

0 0.00402177 9.66986 -3.64553
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0 0 1.0 0

0.190265 -0.247452 -0.0286309 -0.993707
A2= (B.12)

0 -5.23061 -12.467 1.8,1869

0 11.532 -0.0941559 -0.779109

T

0 0.0146258 -0.20285 -26.9074

0 0.0146258 -0.20285 -26.9074

0 0.303286 -0.6,17605 -0.204912

Dl = 0 0.303286 -0.647605 -0.20,1912 (B.13)

0 0.944603 -0.405856 0.0555291

0 0.944603 -0.405856 0.0555291

0 0 0 0

651

0 0 3.3515 -0.0508011

0 0 -3.3515 0.0508011

0 0 40.8274 -1.15497

B2 = 0 0 -40.8274 1.15497 (B.1,1)

0 0 73.1 -2.1373

0 0 1-73.98221

0 0.18,4001 -1.25659 -23.2352
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B.3 Flight Condition #3- Speed 100 kls, CG 25% MAC, Weight 200 lbs. o =--006

0 0 0 1.0

-32.17 -0.0413963 4.51655 2.76989
Al = (B.15)

0 -0.0026521 -4.01458 0.97774

0 -0.00228065 -45.4757 -3.38135

0 0 1.0 0

0.190265 -0.185589 -0.0167993 -0.995281
A2 = (B.16)

0 -8.84221 -11.1274 2.00065

0 12.8746 -0.226784 -0.864736

T

0 -0.300342 -0.150277 -23.2027

0 -0.300342 -0.150277 -23.2027

0 -0.743003 -0.487936 -5.9655

BI = 0 -0.743093 -0.487936 -5.9655 (B.17)

0 0.0970785 -0.304528 -3.91485

0 0.0970785 -0.304528 -3.91485

0 0 0 0

0 0 3.01717 -0.0280877

0 0 -3.01717 0.0280877

0 0 36.7615 -0.979359

D2 = 0 0 -36.7615 0.979359 (B.18)

0 0 66.3312 -2.15844

0 0 -06.3312 2.15844

0 0.138001 -0.662067 -21.9503
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B.4 Flighl Condition #4 -Speed 70 kts, CG 50% MAC, r'eight 200 ibs, o = 1.00*

0 0 0 1.0

-32.17 -0.0243532 31.4246 -3.87661
Al = (13.19)

0 -0.00376754 -2.81562 0.987683

0 0.000253322 7.38835 -1.83395

0 0 1.0 0

0.271798 -0.129427 0.0329826 -0.995258
A2= (B.20)

0 -6.58808 -7.68487 2.39331

0 5.31588 -0.552717 -0.503889

T

0 -0.763416 -0.103929 -10.5787

0 -0.763416 -0.103929 -10.5787

0 -2.36357 -0.339101 -0.140934

Bl = 0 -2.36357 -0.339101 -0.140934 (B.21)

0 -1.20335 -0.211861 -0.0134475

0 -1.20335 -0.211861 -0.0134475

0 0 0 0

T

0 0 1.47777 0.0272348

0 0 -1.47777 -0.0272348

0 0 18.0489 -0.240337

12 = 0 0 -18.0489 0.240337 (B.22)

0 0 32.4529 -0,77371

0 0 -32.4528 0.787371

0 0.0965949 0.641964 -10.751
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B..5 Flight Condition #5 -Spcd 70 kUs, CG 2J7 AL,IC, iVeight 150 lbs. o = 0.5560

0 0 0 1.0

-32.17 -0.0360561 22.9839 -1.11515
A1= (13.23)

0 -0.00428808 -3.72577 0.970904

0 0-, j355 24.5418 -2.8509

0 0 1.0 0

0.271798 -0.17257 0.0095594 -0.993712
A2= (B.24)

0 -4.38385 -8.58997 2.10875

0 9.55164 -0.54654 -0.901531

T

0 -0.635744 -0.14037 -14.1915

0 -0.635744 -0.14037 -14.1915

0 -1.89333 -0.448443 -3.59539

Bi = 0 -1.89333 -0.448443 -3.59539 (B.25)

0 -0.820593 -0.282525 -2.35926

0 -0.820593 -0.282525 -2.35926

0 0 0 0

T

0 0 1.63497 0.0118997

0 0 -1.63497 -0.0118997

0 0 20.0038 -0.523322

B2 = 0 0 -20.0038 0.523322 (B.26)

0 0 36.0059 -1.35742

0 0 -36.0059 1.35742

0 0.128793 0.208767 -16.1346
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B.6 Flight Codilion #6 -Speed 70 kls, CG 25% IAC, IT"cight 150 lbs. o = 0.5560

0 0 0 1.0

-32.17 -1.30833 21.5225 -1.11515
A1= (B.27)

0 -0.0043924 -3.72589 0.970904

0 0.00625911 -31.1685 -3.69636

0 0 1.0 0

0.271798 -0.17257 0.0095594 -0.993712
A2= (B.28)

0 -4.30435 -10.205 2.10248

0 3.40761 -0.551241 -1.62835

T

0 -0.635744 -0.14037 -14.1915

0 -0.635744 -0.14037 -14.1915

0 -1.89333 -0.448443 -3.59539

Bl = 0 -1.89333 -0.448443 -3.59539 (B.29)

0 -0.820593 -0.282525 -2.35926

0 -0.820593 -0.282525 -2.35926

0 0 0 0

T

0 0 1.63497 0.0118997

0 0 -1.63497 -0.0118997

0 0 20.0038 -0.523322

B2 = 0 0 -20.0038 0.523322 (B.30)

0 0 36,0059 -1.35742

0 0 -36.0059 1.35742

0 0.128793 0.208767 -16.1346
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Appendix C. Transfer Functions

The sections of this appendix present, listings of all the transfer functions used at the various

stages of this thesis. Elements of P,(s), P,(tw') and Q(u,') are listed. The following tabular listings

of transfer fuinctions are presented in factored nunerator/denominator form with the complex

frequency variable s or w' omitted. Left-half plane roots are preceeded by a negative sign. Where

tIhe sign is omitted, a plus sign (right-half plane) is assumed. All roots are presented within a set,

of parentheses. Gain is not enclosed in parentheses and will have either sign.

C.] lTective Plant "Ransfer Functions Pe(s)

This section contains listings of the s-plane effective plant transfer functions. Each table

presents all the nonzero elements of the 3xv3 -P.(s) for a given flight condition. Equation C. I shows

tihe notation used for the elements of P,(s) in the tables.

0 0 Pei,i 0 0

6p(s ) 6,(.2o rls) 'rls)

rs) rs) 0 Pt3,2 Pe3.3

Table C.1. Pe(s) Transfer Functions-Plant, # I
SElement Plant. # 1 II

1.4280e5 (0)(-0.6263 ± 3j0.1696)
________ 8:j0..5T99)(- l.2906± jI.8T05)(-12.T003 : j1 2 .7 5 5 9 (- 5 0 .OOOT)

3.8562e5 (0)(-0.4265 ± j1.4600)
________ .389j2.0r502)(-2.487t8)(-12.T003 ±j12.T559)(-0.OOOT)

II _____ I (0.1891 )( -O.4389: j2.0502)( -248T8)( -I2.7OO3~ ±12.559)( -50.0007) [
-2.95-1c5 (0)(-0.7821)(3.9402)

________ (.181 )-0.389.9429er5 (-0.0474 ± jO.63081 )( -3.6j8q1),
.(0.1891)(-0.438.9-.0502)(-2..878)(-12.003 -12.'.5.9)(-.0.00 I



________ Talble C.2. Pe(s) Transfer Functions-Plant. # 2

UElemjentI Plant # 2
ileI 8.71632e5 ()( -0.05'371)(-.5.3900)D

________ (0.1325)(-0.2352)(-1.2270) -7.3720)(-12.7003 ±j12.755)(-50.O0001D I~~a 0.022)-0.1$0 2.5445e6 (0)(-0.(3233 ± j3.4493)

Pe3 . 2  2.9439e5 (0.1343±jIA.2799)(- 12.0524)0
_______ (0.0222)(-0.5180 ±j3.'1O26)(-12.4798)(-l2.7003 ± jI2.755)9)-50.0007)

11 (.022)(0.58O:j3.4026)(-12.4798)(-12.7003 ±j12.7 559)(-5O.0007t)

P331.9212e6 (0.0828)(-0.2456)(-12.5158)H
_________ O~r180 j3.4026)(-12.4798)(-12.7003± jl2.Th59r)( r~-5.O007)

Table 0 .3. P,(s) TRansfer Functions-Plant. # 3

Element1 Plant # 3i
I~~2  (-001397.6445er5 (0)(-0.0451)(-3.6625)

__0.0139_ jO.2480)(-3.7048± jG.66 1)(-1 2 .7 003± jl2.7559)(-50O.(007)
________ ~ ~ ~ .290 (0AI9 )(- .535-2.0: ± Jl3.6968) 0.0 0

P~2 (0.0231 )(-0.5328 2j.6193e5)(-.635(1.03 jMLj3A50t58)07

Pe3*3 2.8249e5(0.1806 ±j1.472 M972)H
_____ (0.0231)(-0.54328± j.13(1.32(1.03LjZI5A5.07

142.3 0.211V.52 -1.0200e6 (0)(-0.8920)(3.4912)

____ (0.023)(-0.5328 ± j3.6193)(-1 1.1352)(-12.7003 ± jML2559)(-50.007)
143.3 .23 1 .81290 (-0.0506 ± j. 15(30)(-11.2(301)

_________ Table 0.4. P,(s) Transfer Functions-Plant # 4
Element Plant # 4

Ile, (-.10 3.4279e5 (0)(-0.06353)(-2.8621)H
________ 01jO.4787)(0.6851)(-5.0588)(-12.7003 ±jl2.7559)(-50.0007)

1.99630)(-.823)(-12.4(33)j2 7 5)(5.07
)3 (0.05431)(-0.3930h j.49560)(-504)(S2.70 ± ~246j)1.59 -5,0

Pe3. 2 ~ 1.4788e5 (0.1965 ± .,.7501)(-4.0413) I
(0.5_3__03_6 ± .i2.4(310)(-7.5804)(-12.7003 ± j12.7559)(-50.0007, f

Pe.1.3  
=004)-.93 57777K5 (0)(-1.1707)(4.2869)

________ j2.4t63IL1610)(-7.580'1l)(-12.7003 ± j1559)-50.0007)

88359e5 (-0.0401 ± jO.3217)(8.0485)
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Table C.5. P,(s) T'ansfer Functions-Plant, # 5

Ekuieni . II Plant. # 5 0
I C (-1 4.6745e5 (0)(-0.067(;)(-3.4077)

P__"_ (-0.0137 ± j0.3,128)(-3.2927.± j4.863 3 )(- 12.7003± j12.7559)(-50.0007)

142 2  
1.22800 (0)(-0.7260 ± j3.1499)

____~___ (0.0503)(-0.6035 ±- 3.1501)(-8.5073)(-12.7003 j2.7559)(-50.0007)

I . II2.1570e5 (0.1709 ± jl. 636 3)(-5.9004 )

. (0.0503)(-0.6035 ± j3.1501)(-8.5073)(-12.7003 ± j12. 7559)-50.0007)
-6.0021e5 (0)(-0.1371)(3.8081)'- (0.0.503)(-0.6035 ±. j3.1501)(-8.5073)(-12.7003 ±. jl2.7550)(-50.0007)

1.3289e(3 (-0.0337)(-0.0637)(-8.8370)
P, ____ (0.0503)(-0.3035± j3.1501)(-8.5073)( -12.7003± j12.7559)(-50.0007) H

Table C.6. P,(s) Transfer Functions-Plant # 6

Element, f Plant. # 6

Ie. 1  
4.6745e5 (0)(-1.3(301)(-3.3101)

_____.__ (-0.0971)(-1.2042)(-3.7146 ± j5.501 1)(-12.7003 ± ,j12.7559)(-50.0007)

N 2 .2  
1.22806 (0)(-1.0888 ± j.815(3)

. (0.0010)_0.9489 ±. j.7812)(-i0.i092)(-12.7003 ± j12.7559)(-50.0007)

2.I .1570e5 (-0.0132 ± jO.9472)(-7.1800)(0.0010)(-0.9489 jil. 7 8 12 )(-I0.I09 2 )(-1 2 .7 0 0 3 ± j12.7559)(-5.0007)
II -6.00215 (0)(-1.4933)(4.4222)

A IF1.3289e(3 (-0.0701 ± jO.2587 )(-10.41595)D
(0.0010)(-0.9489± jl.7 81 2 )(-10.l9 2)(- 2 .7 003 ± jl2.7559)(-50.0007)
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C.2 Ufcclivc PlantI Transfer Functions P,(w')

This section contains listings of the w'-plane effective plant transfer functions used in this

study. Each~ table presents all the nonzero elements of the 3Av P,(tv') for a giveni flight, condition.

Equation C.2 shows the notation used for the elements of Pe(u)') iii the tables.

11, 0 0 [Pez' 0 0

Pe(wt') = 0 pYw _____ 0 14e2,2 PO 23 (:2

0 I-tl) v) 0 N P3,2 PO,

Table C!.7. P,(tv') Transfer Fiunctions-Plaiit-# 1

Elemeit, Plant # I
_______ [~5.4517e - 5 (0)(-0.6263 ± jO. 1696)(120)(-140.11:31)(155.F)707)(-947.3232)
________ (-0.0198:h j0.579 9)(-1. 2 9 08± jl.8704)(-12.7953 jl2.6603)(-47.2918) j

1.4900e - 4 (0)(-0O.4265 ± jl.4601)(120)(-1 4O.04 79)(lSS.7088)(- 935.7 12I)
________ (0.1891 )(-0.4390 ± j2.050 3)(- 2.4 875)(-1 2.795(3± j.12.66300)L-4 t.2950) I

______ II2.5406e - 5 (-.1390)(1.5857 ±1 ji.7959)( 120)(-139.8569)( 156.1404)(-902.388(5)

_______ ll -. 191 4()(-0. 8±21.038)(27)(-139.7&562)( 1604)(- 47.25)
______ (.1913 -()(-0. 78 21.3)(207)(-13.786(56 31 46 3)(-89. 2 36) j

J.0.959C -4-(-0.0474 ±jO.63081)(-3.6879)( 120)(-140.2478)( 155.2860)(-972.2681t) f
________ (0.1891)(-0.4390 ±j2.0503)(-2.4875)(-12.7956 ± l2.6600)(-47.2950) I
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Table C.8. P,(tt') Transfer Functions-Plailt # 2
Element Plant # 2 f

Ile___ 3.4165c - 4 (0)(-0.0537)(-5.38634)(120)(-139.9607)(155.8809)(-921 .0612)

2.2 1.0989e - 3 (0)(-0.6238 ± j3.4502)(120)(-1.1'9.3744)(157.1567)(-830.1928)II _______ (0.0222)(-0.5184 ± j 3.40 35S)(-1 2.4 350O)(-' 2.7 956±~ j1 2.66300)(-47 .29) H
______1 11287e -4 (0.1343 ± j1.2 i99)(-12.0121t)(120)(-110.0909)( 155).(224)(-9.l:13) f

Pt3. 2  (0.0222)(-0.5184 ±j3.4035)(-12.4350)(-12.7956 ±jI2.((3O)(-4 .2950)_ U
_____ __ II -4.9059e - 4 (0)( 1.1454 ± jO.8033)(120)(-39.155I )(157.723U)(-798.5:183)
Ii ~(0.0222)(-0.5184 ± j3.4035)(-12.4350)(-12.7950* .jl2.66(00)(:-._r.2950)

7.2857c - 4 (0.0828)(-0.2456)( -12.4706)(120)(- 140. 15:35)( 155.4964 )(-95,1.255)
~~ II (0.0222)( -0.5184± j3.4035 )( -12.4350)( -12.7956± 12.6602)( -47.2950) U

T1ab~le C.9. Pe(tv") Transfer Fitnctions-Plant. # 3
El:ement I Plant. # 3

II ~ :3.0J075e - 4 (0)(-0.0451)(-3.6614)( 120)(-139.9680)(155.94148)(-919.4859) fII. P~i~i(-0.0139±~jO.2480)(-3.Tl5O0 jIS.6(15)(-12.T956 - j12.(3600)(- 7.2950) U
Li 142.29.7022e -4 (0)(-0.6541±~j3.6979)(120)(-139.46'77)(156.95)47)(-843.36)52)

_____ 1.0974e - 4 (0.1806 ±jl.472E)(-9.7213)(120)(-4O.0154)(155.776()(-93O.lO79) f
Pea. 2  (0.0231)(-0.5333 ± j 3.(32 3 )(-1l.1034)(-1 2.79 (3 ± jl 2.660E)(4 1.295 0) U

________ ~ -4.5335c - 4 (0)(-0.8920)(3.4902)( 120)( -139.2261)( 157.5809)( -807.4862)1 f
142.3 (0.0231)(-0.5333 ±j 3.(3203)(-1l.O 34)(- 12.795(3 ± ..'2.66300)(-47-.2950) U

143. 6.8758c - 4 (-0.0506 :L jO. 1560)(-l i.2272)(120)(-140.1542)(155A-98,)(-95)4.2588)
Pea~a (0.0231)(-0.5333 ±j3.6203)(-11.1034)(-12.79563± .,2.6600)(-47:.2950 )j

Tab~le C.10. P,(tu") Transfer Functions-Plant # 4
E. Eleent Plant # 4 Ji

O JI 1.3144e - 4 (0)(-0.0353)(-2.8615)(120)(-140.0838)(155.6183)(-942.5994) f
Pea~i (-0. 1501 ± jO.4788)(0.6851)(-5.0558)(-12.7953 ± jl2.6600)(-47.2950) U

4I'.5052e - 4 (0)(-0.4825 ± j2.45(3()( 120)(-139.70(57)( 153..1401)(-879.04187)H 142.2 (0.054:3)(-0.3962 ±j2.4613)(-.5703)(-12.7956± j12.600)(- 7 .2950) HO I ~5.8738e - 5 (0.1966 ± j 1.75302)(-4.0398)( 120)(-139.8864)( 156.0451)(-908.3511I
143.2 (0.0543)(-0.3962 ± j2,4613)(-7.5703)(-12.7956 ± jl 2 .66300)(-4r7.2950) U

________ (0.0543)(-0.3962 ± j 2 .46 13)(- 7.5703 )(- 12 .79 56 ±Ljl2.6600)(-47.2_950) I
3.3242e - 4 (-0.0401 ± jO.3217)(-8.034)(120)(-140.1948)( 155.4034)(-962.U808)fH 143.3 If (0.0543)(-0.3962 ± j2 ,46 13)(- 7 .57 03 )(-12. 795 6 ± jl2.6500)(-47.2950) U
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T1able C. Ii. Pe(tW') Transfer Finctions-Plant. # 5-

IElement. plant. # 5 J
Ile i 1.8248e -4 (0)(-0.0(36-3.468)(20)(-140.000)(155.843)(-926.2329)II P~d if (-0.0137 -1 jO. 34128)(-3 .2973 ± j,1.8623)(-12. 795 (3 j12. 6 0 0 )(- 7.2 95 0) IU ~e ~5.0799c - 4(0)(-0.72(5 ± 3.505)(20)(-139.483)(56566)(-70.592) I

_______ ~8.5117c - 5 (0.1709 ± jl.6364)(-5.8957)( 120)(-139.9257)( 155.9651)(-914.8122) I
j] I~es, ~ (O.0503)( -0.6040 ± j3. 1508)(-8.4930)(- 12.7956 ± j12.6600) -47.2950)

-2.6272e - 4 (0)(-0.1371)(3.8069)( 120)(-139.3252)(157.3713)(-820.!)(49)
S (0.0503)(-0.6040 ±1 j3.1508)(-8A930)(-12.7956+ ± l2.6600)(-.17.2950) J

5.0342c -4 (-0.03.37)(-0.0(337)(-8.8211)(120)(-140.1595)(1!5.4841)(-55.3193J) f
_______ (0.Q50.1 -0.b'040 ± j 3 . 1508)(-8.4930)(-12.7956 ± I12A3'600)(-4T.2950)

T.able C.12. P,(tt') Transfer Functions-Plant, #-3

El eienUl Plant # 0i

O 11i 1.8455e - 4 (0)(-1.3601)(-3.3093)(120)(-139.9407) -(55.9830)(-915.56380) f
U _______ if (-0.0971 )( -1.2042 )( 3.7212 ± j5.4997 )( -12.7956± J12.6600 )( -47.29-10)

o 42 ][ 5.1703e - 4 (0)(- 1.0890 ± ji .8156)(120)(- 139..53863)( 156.8025)(-853.6338) f
O Pe2.2  (0.0010)(-0.9491 ± 31.1781 )(-10.0853)(-12.7953± jl2.6596)(-47.29463)
O ~~ 8.5794e--5 (--.013.2-± iO.9472)(-7. 1714)( 120)(-139.87.563)( 15.0593)(-906.862 1) f

________ (0.0010)(-0.9491 ± jl. 1781)(-10.0853)(-12.7953:k jl2.6596)(-47.2946) I
Ile___ I[ -2.65700e - 4 (0)(-1.4932)(4.4202)( 120)(-139.2179)( 157.63095F)(-8(3.1 14.1) f
Ij ~ (0.0010)(-0.9491:E jl.1781)(-1.O853)(-12.7953 ± .jI2.6596)(-47.2916) I

O JJ ~5.0762e - 4 (-0.0701 ± jO.2587)(-10.4331)( 120)(-140.1 117)(155.5787)(-9463.8793) f
IL __j0.0010)(-0.9491 ± jl.1781)(-10.0853)(-12.7953 ± j12.63596)(--47.2946) J
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C..? Design Transfer Functions Q(w')

This section contains listings of the w'-plane effective plant eg transfer functions used

in this study. Each table presents all the nonzero elements of Q(w') for a given flight, condition.

Equation C.3 shows the notation used for the elements of Q(w') in the tables.

q11tv) 00 0C'

Q(w") = C q2,2(w ) q2,3(1") (C.3)

00 q3,'.(") ,3,3(')

Table C.13. Q(tt,') Transfer Functions-Plant, # I
II Ele nit, Plant # I

(-0:0198 -jO.5799)(-l.29084 ±jl.8704)(-12.795 -jl2.6)(-,17.2948)

'12, 17669c- 4 (0)(-0.0661l)(120)(-140.0997)( 155.5963)(-972.26381)
__"___'_ ( -0.0474 ± -0.6081 )(-3.6879)(-12.8491 ± jl2.6632)(-47.1230)

(1, -. 0711e - 4 (0)(-0.066t1)(120)(-1.40.0997)(155.5963)(-944.8428)
,, (-1.1390)(1.5897 ± jI.7959)(-12.8289.j-112.7042)(-47.4,127)

1.714le -4 (-O.06i6l)(120)(-140.1008)(155.596:1)(-914.8400)
q",j (-0.7821)(3.9388)(-12.8130 -j12.7 074 )(-47.1581)

q331.2999c - 4 (0)(-0.0661)(120)(-140.996 i)(155.5963)(-935.7121) j
,/a~ 1I (0)(-0.4265 4-j1.4601)(-12.8472 - j12.6911)(-47.3705)
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Table C.14. Q(w') Transfer Functions-Plant # 2

Element. Plant # 2
3.41 65c - 4 (0)(-0.0537)(-5.3864)(120)(-1;39.9607)(155.8809)(-921.0612)

q',1 II (0. 1325)(.-0.2352)(-1.2269)(-7.0'61(5)(- 12.795 .1 j12.,603)(-,17.2.9,18)
1.1750e- 3 (0)(-0.1576)(120)(-139.3616)(157.1885)(-828.3031)

____ II (0.0828)(-0.2456)(- 12.4706)(-12.8582 ± jI 2 .6 9 8 3 )(-,t7.4953)
-7.58,t5c - 3 (0)(-0.1576)(120)(-139.3616)(157.188r5)(-828.3031)

q3,2 (0.1343 "jl.279 9)(-12.012 1)(- 12 .8 38 8 4-jl 2 .72 3 7 )(- 47 .5 03 8 )

S 1.8479c - 3 (-0.1576)(120)(-140.1485)(155.5064)(-953.3663)
q2,3 (1.1454 ± jO.8033)(-12.8665 ± fl2.6758)(-47.4853)

7.7895e - 4 (0)(-0.1576)(120)(-110.'1485)(155.5064)(-953.3(6:3)
q3,3 (0)(-0.6238 1 j3.4502)(-12.8500L j12.7167)(-47.1625)

Table C.15. Q(/') Transfer Functions-Plant # 3

Ekment ,,Plant #- 3
f l. }f 3.0075c - 4 (0)(-0.0451)(-3.6614)(120)(-139.9680)( 155.9448)(-919.4859) I

It______l (-0.0139d jO.2480)( -3.7150± jG.66l.5)( -12.7956k 12.6600)( -47.2950) 1
1426e - 3 (0)(-0.1065)(120)(-139.4546)(156.9874)(-841.3625)

q2,2 -- (-0.f05 -+ jO.1560)(-11. 2272)(-1 2 .874 8 ± .l2.6823)(-47.4210)
-6.5323e - 3 (0)(-0.1065)( 120)(- 139.4546)( 156.9874)(-84 1.3625)

q3,2 (0.1806 ± jl.4726)(-9.7213)(-12.8617 ± j12.7206)(-47.1282)

(12,3 (-0.8920)(3.4902)(-12.8356± j12.7 142)(-4 7 .107o)
'1237.88(3e - 3 ()-0.1065)(120)(-140.1419)( 155.5230)(-952.064()

(0)(-0.6541 j3.697.9)(-12.84 12 4jl2.7L09)(-47.1565)

Table C.16. Q(w') Transfer Functions-Plant # 4
Element II Plant # 4 I

134e- 4 (0)(-0.0653)(-2.8615)(120)(-140.0838)(155.6183)(-942.5994)0
11.1 I -0.1.501 ± j.4788)(0.685l)(-5.0558)(-12.7956 ± j 2 .6600)(- 47 .2950 )

q2,2 4.43 Ic --4 (0)( -0.0830)( 120)( -139.6980)( 15(.4(315)( -877.(;42(i) H
'", (-0.0401 ± jO.32 17 )(- 8.0364 )(-1 2 .8498 ± jl2.6991)(-47.1429)

-2.7975e - 3 (0)(-0.0830)(120)(-140.1558)(155.4822)(-955.035,3)

(0.1966 ±-,1.7502)(-4.0398)(-12.85 8 - j2.693J({-47.15,4)_
7.0212c - 4 (-0.0830)120)(-140.1O558)(1)5.4822)(-955.035(6)q.. (- 1.1706)(4.2851.)(- 12.81.34 ±- j12.7222)(-47.16432

3J.6473c 4 (0)(-0.0830)(120)(-140.1558)( 155.4822)(-955,035(3)
q,3 (0)(-0.4825 ± j2.4566)(-12.8281 ± j12.7080)(-47.1357)
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T1able C.17. Q(tv') Transfer Functions-Plant. # 5

QElemn. plant, # 5
o H ~1.8248e - 4 (0)(-0.0657t)(-3.4068)( 120)(-140.0000)(155.843:3)(-92(3.2329) III 11. (-0.0137 ±jO.3428)(- 3.2973 ±j 4.8623)(- 12.7956 ±j12.6600)(-47.2950)Ij

2 J2 524le - 4 (0)(-0.0976)( 120)(-139.6341)(156.5994)(-8(i7.8138)
________ 033-)-8821)(-12.8540 ±jl2.63876)(-47.41875)_If 3.2672e - 3 (0)(-0.097(3)(120)(- 140.1311)(156.591J')(-95r0.253 2)
___(01709_ j l.6364)(-5.8957)(-12.8834 ± j12.6775(-47.4973)

,if 1.12 10c - 3 (-0.0976)( 120)(-140.1311)(15..54 17)(-95)0.2532)
________(-0.1371)(3.8069)(-12.8382 ± j12.6'938 )(- 47 .43 3:l)I
q3, 5.4744e - 4 (0)(-0.0976)(120)(-J40. 1311 )(155.5417)(-950.25:32) D

q~ (0)(-0.7265±:1 j3.1505)(-12.8398 ± j12.7029)(-47.3§±43)_

________Table C.18. Q(tt') Transfer Futnctions-Plant. # 63
ElementI Plant # 6

if if 1.8455e - 4 (0)(-1.3601)(-3.09O3)(120)(-13.9407 )( 155.9830)(-15.t560) I
qj I(-0.0971)(-1.2042)(-3.72D2 ± j5.4997)(-12.7956 ± jl2.6q0)72D 950) II

'12, If 5.6216c - 4 (0)(-0.14(36)(120)(-139.5234)(156.8387(-851.3130)

q3, -. :326le - 3 (0)(-0.1466)(120)(-140.0843)(155.6334)(-851.3130) 1
__0.0132 ± jO.9472)(-7.1714)(-12.8833 ± jl2.63703)L-47 .4618)

T.2 , 02c - 3 (-0.1461i)(120)(140.0843)(155.5334)(-8)1.3 1:30)HI '1,3 (1.4932)(4.4202)(- 12.82J15 ± j 12.7387)(-47.4l669)
q3,3 5.5193e -A. (0)(-0.146(3)(120)(-140.0843)(155.(3334)(-942. 1000)

133(0)(-1.08.30 J1.8156)(-12.8341 ±j1 2 .723 )(-47.460 9 -

C-9



Appendix D. QFT Design Res9ponse Mlodels

This app~endix p~resenlts the QFT design response modls used in this thesis. The roll-rate

revjonlse model (p) and the yaw-rate response model (r) are the samne as those used by Hlamilt.on

[8]. The pitch-rate response model (q) is synthesized to p~rovidle desirab~le lpitch-rate tine-dolnain

figures-of-inerit. Table D.1I lists tlhe figures-of-merit for all the response models. T1le W-plaiie andl

s-plane response models are presented.

D.1I s-planc Al oddls

D.1.1 Lower Bound Pitch-Ratc ('q)

qLB(S) _270

(1cmldLB (S) - (s +3)(s +9)(s + 10)(DI

D.IJ2 Upper Bound Pitch-Rate (q)

qIUB(S) _ 100(D2
q(,lldB (S) S2 + 8S + 100(D)

D.1.3 Lower Bound Roll-Rate (p)

PLE(S). 192(D3
Pon )dL B (S) - (s + 4)(s + 4)(s + 12)(D)

AD.4 Upper Bound R~oll-Rate (P)

PC' B( _ 5 (D).1
;)dE. (s) su + J
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D.J.5 Lower Bound Yaw-Rate (r)

I'LB(s) 3
V,dL,(s) (s + 1)(s + 1)(s + 3)D

D.1.6 Upper Bound Yaw-Rate (i)

-t, B(S) 1.25 (D.6)
Pondcr, (8) + 1.25

Pitch-Rate Roll-Rate
1.2 1.2

q(t) .(t) .

• .4 tee .4
.2 .2

0 .5 1 1.5 2 2.5 3 0 .5 1 1.5 2 2.5 3
Time (sec) Time (sec)

Yaw-Rate
1.2

1
r,(t) .8

(Da .6
.4
.2
0

0 .5 1 1.5 2 2.5 3
Time (see)

Figure D.1. s-plane QFT Closed-Loop Channel Design Model Step Response Bounds

Table D;I )resents the s-plane response model figures-gf-merit. For this study, the s and w'-plane

models are approximately equal and thus the figures in Table D.1 also apply to the w'-plane models

presenlted next.
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Pitch-Rate Roll-Rate
20 20
0 0

-20 I N- -20
Iq~jw)I -.10 40w)-~
(d) -80 (,dB) -8

-too -100
-120 -120-1,t0 -140 '"'

.1 1 10 100 1000 .1 1 10 100 1000
Freq (rad) Freq (rad)

Yaw-Rate
20 .

-20
ij(jw) -40
(di) _8o,,

100
-120-140M

.1 1 10 100 1000
Freq (rad)

Figure D.2. s-plane QFT Closed-Loop Channel -Design Model Frequency Response Bounds

Table D.1. Figures-of-Merit for the QFT Response Models
Model T (sec) T, (see) All , FV ,.a_

Z,13(i 0.84 1.56 1.0 1.0
qcmdi Ba (8)

qua(s) 0.15 0.34 1.25 1.0
qcmdrr R (.)

0.87 1.56 1.0 1.0
Pcmd ()

r'tJB ~ 0.44 0.78 1.0 1.0
IPcmd ry nl I

, S) 3.48 6.22 1.0 1.0
I'rcmd , (S )

,'tuBt() 1.76 3.13 1.0 1.0
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Tie notation used ini Table D.1 is as follows:

* T,.-rise time

* ,-setfling time

" M,-nmaximum peak value

" FV-final value

D.2 u/-plane Models

D.2.1 Lower Bound Pitch-Rafe (q)

qUB(w') = 5.16e - 5(w' - 120)(w + 197.6)(ut' - 219.7) (D.7)
qmdLB(Wt') (W' + 3.00)(w' + 8.98)(w' + 9.98)

D.2.2 Upper Bound Pitch-Rate (q)

qUBD(w') 1.55e - 4(tw' - 120)(w' + 5396) (D.8)
qcnduB(w') w' + 4.02 ± j9.17

D. 2.3 Lower Bound Roll-Rate (p)

PtLB(u') = 0.37e - 40v' - 120)(w' + 198.5)(w' - 218.5) (D.9)
Nlndf,,B(u') (W' + 3.99)(w' + 3.99)(w' + 11.96)

D.2.4 Upper Bound Roll-Rate (p)

lUB(w) -0.0416(wt'- 120) (D.10)
PcmdUB (IW') WI' + 4.997
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D.2.5 Lower Bound Yaw-Rate (')

rLB(w') 5.78e - 5(w' - 120)(w' + 205.4)(w' - 210.4)
ro~WdLB(w') -- (WI + 1.00)(Wi + 1.00)(Wt' + 2.99) (D.1 1)

D.2.6 Upper Bound Yaw-Rale (r)

rUrB(IV ) -0.0104(v t- 120) (D12)
IcmduB (u,) w' + 1.2.5

Since this is a w'-plane design, the frequency response plots in Figure D.3 describe the QFT

loop transmission performance frequency bounds for each MISO equivalent, loop synthesis.

Pitch-Rate Roll-Rate
20 20
0 0

-20 -20
IqO,')l - -40
(dB) - (dB) -8

-100 - -100
-120 -120
-140 -140

.1 1 10 100 1000 .1 1 10 100 1000
Fireq (rad) Freq (tad)

Yaw-Rate
20
0

-20
IO,)1 -40

-60(dB) -80
-100
-120
-140

.1 1 10 100 1000
Freq (tad)

Figure D.3. w'-plane QFT Closed-Loop Channel Design Model Frequency Response Bounds
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Appendix E. Template Data

These tables contain all ml'-plane template data generated by Matrix× for potential use in this

design. "eml)lates are not necessarily generated for each Vtk shown ini the tables below. The actual

t.eml)Iates used in the design are shown graphically on the NC in the figures in each section below.

The scales on each NC are identical so the relative uncertainty between the loops is easily seen.

E.1 Pilch-Loop ('1,) 5I50

Table E.1. Pitch-Loop (ql1,) Templates for Vk = 0.001,0.01 I'ad/seC

Frequency V. = 0.001 rad/sec = I. = 0.01 rad/sec

Plant # Phase( 0 ) Magnitude (dB) Phase (") I Magnitude (d13)
1 90.1290 -53.4132 91.2897 -33,.4088

2 -88.7934 -25.5107 -78.0601 -5.3964
3 91.2477 -53.2603 102.2761 -33.0397
4 -89.1049 -46.8717 -81.1163 -26.7702
5 90.8340 -55.7196 98.2795 -35.6192
6 89.4063 -31.9721 84.0835 -12.017,4

Table E.2. Pitch-Loop (qii) Templates for Ilk = 0.05, 0.1 rad/sec
Frequency I l Vk, = 0.05 rad/sec - V = 0.1 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 96.4339 -19.3233 102.7767 -12.9691
2 -40.8366 10.4051 -19.1720 18.2878
3 136.7410 -15.4400 152.8898 -4.0088
4 -51.7072 -10.8412 m-31.6676 -1.4318
5 125.7974 -19.6589 144.4628 -9.9118
6 62.5694 0.9867 43.7806 4.8887
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Table E.3. Pitch-Loop (qji) Templates for Vk = 0.2,0.3 rad1/sec
Frequency I vk =0.2 rad/sec vk = 0.3 rad/sec
Plant. # Phase (0) Magnitude (dB) Phase (0) Magnitude (dIB)

1 114.8213 -5.5800 125.3567 0.3810
2 -8.77,15 24.6102 -10.5059 26.8080
3 153.3925 14.7307 8.5278 19.2945
,1 -17.1351 10.1351 -16.9942 18.0533
5 157.2437 3.7952 150.7141 19.2176

6 25.1437 6.8502 16.8347 7.3304

Table E.4. Pitch-Loop (q1.1) Templates for Ik = 0.33, 0.4 rad/sec
Frequency 1 ,._= 0.33 rad/sec Il= 0.4 rad/sec
Plait. # Phase (0) [ Maguititde (dB) Phase (0) Magnituide (dB)

1 128.0800 2.2009 133.2567 6.8416
2 -11.6684 27.1566 -14.7582 27.6807
3 3.9344 16.6967 0.8804 13.7654
4 -19.3985 20.0837 -30.6330 24.2390
5 122.6531 28.0415 4.7889 20.5733
6 15.1989 7.4005 12.2360 7.5080

Table E.5. Pitch-Loop (qi,,) Templates for ok = 0.5, 0.6 tad/see
Frequency tlk = 0.5 rad/sec Ilk = 0.6 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 134.0831 16.0384 19.2829 27.4963
2 -19.4357 28.0101 -24.0086 28.0744
3 0.1202 12.0428 0.1334 11.2563
4 -59.4491 27.5827 -84.5982 27.2255
5 - 1.9954 14.7752 -2.8370 12.7383
6 9.3163 7.5914 7.2967 7.6396
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Table E.6. Pitch-Loop (qij) Templates for Vk = 0.7, 1 rad/sec
Frequency J} = 0.7 rad/sec v. = 1 rad/sec
Plant, # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 -10.6740 16.8365 -9.6879 11.4462
2 -28.3315 27.9923 -39.5995 27.3354
3 0.3093 10.8410 0.8732 10.4163
4 -96.71,13 25.7123 -104.3307 22.1122
5 -2.9637 11.7376 -2.9783 10.6496
6 5.8178 7.6750 3.0686 7.78,15

Table E.7. Pitch-Loop (qi.i) Templates for Ilk = 2, 3 radI/sec
Frequency vk =2 rad/sec I = 3 rad/sec
Plant # Phase (*) IMagnitude (dB) IPhase (*) Magnitutdej(dB)

1 -33.3024 11.9721 -67.6693 10.3740
2 -63.6075 24.3334 -77.5413 21.8380
3 0.5694 11.0366 -3.8257 12.3916
4 -100.5699 16.6084 -101.0169 13.8952
5 -6.3436 10.9673 -15.6318 12.2704
63 -1.8577 8.6273 -9.3776 9.9729

Table E.8. Pitch-Loop (qjj) Templates for Vk = 4,5 rad/sec

Frequency l ,,k = 4 rad/sec I'k = 5 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (*) Magnitude (dB)

1 -88.3494 7.7882 -101.8639 5.5817
2 -87.9296 19.9241 96.9799 18.3982
3 -12.5966 13.9224 -25.7130 15.3475
i -104.9436 12.0677 -110.6245 10.6270
5 -30.6432 13.4875 -. 19.7038 14.1147
6 -21.6016 11.3378 -37.9630 12.3410

E-3



Table E.9. Pitch-Loop (q1,i) Templates for V. = 6,7 vad/sec
Frequency (0) 6 rad/sec ((k = 7 rad/se d
Plant. D Phase ( Magnitude (.r) Phase I0. Magnitude (3)1

1 -112.4236 3.7712 -121.6310 2.2414
2 -105.4883 17.1193 -113.7610 15.9981
3 -42.6400 16.3937 -61.8551 16.8283
4 -117.1782 9.3902 -124.1775 8.2766
5 -69.6.567 13.9568 -87.8154 13.1929
6 -56.6280 12.7289 -75.2257 12.T780

Table E.10. Pitch-Loop (qi,i) Templates for v = 8,9 rad/sec
Frequency V = 8 rad/sec - vt. = 9 rad/sec
Plant # Phase (0) Magnitude (dB) Phase () Magnitude (dlB)

1 -130.1526 0.9032 -138.2962 -0.3046
2 -121.9198 14.9779 -130.0103 14.0211
3 -81.1098 16.6033 -98.6838 15.8825
4 -131.4138 7.2435 -138.7793 6.2636
5 -103.3595 12.1261 -116.6558 10.9623
6 -92.1459 11.7688 -106.9826 10.8158

Table E.11. Pitch-Loop (qi,i) Templates for Vk = 10, 11 radI/sec
Frequency if - = 10 rad/sec VA. = 11 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (0) f Magnitude (dB)

1 -146.2100 -1.4247 -153.9606 -2.4880
2 -138.0419 13.1016 -146.0033 12.2006
3 -114.0488 14.8874 -127.4377 13.7753
,1 - 146.2087 5.3169 -153.6522 4.3880
5 -128.3118 9.7945 -138.8260 8.6527

6 -120.0054 9.7626 -131.6:320 8.6804
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Table E. 12. Pitch-Loop (qii) Templates for Vk = 20, 50 rad/sec
Frequency II V. = 20 rad/sec .= 50 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (*) Magnitude (dB)

1 -214.8461 -11.5620 57.6596 -34.5012
2 -209.2264 3.7806 60.2514 -18.8587
3 -205.6883 3.7277 60.6808 -19.7953
4 -214.0567 -4.1965 58.0944 -26.9385
5 -208.7152 -0.9308 59.8731 -24.1392
6 -205.6163 -0.8727 61.0215 -24.1266

Table E.13. Pitch-Loop (qi,i) Templates for vk = 100, 1000 'ad/sce
Frequency I= 100 rad/sec Vk = 1000 rad/sec
Plant. # 11:Phase (0) Magnitude (dB) Phase (0) Magnitude (d1B)

1 1 9.9142 -52.6413 -31.4884 -82.2.171
2 11.4105 -36.9516 -30.5339 -66.1199
3 11.5687 -38.0249 -304704 -67.5335
4 10.1,705 -45.0493 -31.3196 -74.6236
5 11.1445 -42.3207 -30.7213 -71.84,43
6 11.7858 -42.3163 -30.3263 -71.7924T

Table E.14. Pitch-Loop (qi,i) Template-for Vj. = 10000 iad/sec
Frequency jVk = 10000 rad/sec
Plant # [ Phase ()Magnitude (dB)-

1 -4.2101 -85.2281
2 -4.0458 -69.2894
3 -4.0354 -70.3968
,i -4.1807 -77.5845
5 -4.0779 -74.7360
6 -4.0109 -74.6390
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Figure E.1I. Pitch-Rate Channel Plant, Templates (qi,i) Vk = 0.001, 0.01, 0.05, 0.1, 0.2, 0.33, 0.4,
0.5, 0.6, 0.7, 1 rad/sec With Plant. Case # I Nominal
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E.2 Roll-Loop (q2, 2,) MI10 Loop #2

Table E.15. Roll-Loop (q2,2) Templates for vk = 0.001,0.01 rad/sec
I Frequency Vj = 0.001 rad/sec f IA. = 0.01 rad/sec

Plant, # Phlase (*) I Magnitude (dB) Phase (0) I Magnitude (dB)

1 90.7523 -56.9995 97.4645 -36.9175
2 -89.2106 -19.7787 -82.1399 0.1691
3 90.2570 -25.5991 92.5530 -5.5,159
,4 90.5743 -42.7704 95.7203 -22.7117
5 87.7931 -7.5672 68.7308 11.8917
6 90.2520 -35.9475 92.5138 -15.9192

Table E. 16. Roll-Loop (q'2.2,) Templates for V. = 0.1,0.2 iad/sec
Frequency if vi. = 0.1 rad/sec VA = 0.2 rad/sec
Plant. # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 140.2571 -12.1416 151.7614 -0.7328
2 -31.4986 17.0747 -12.5905 19.7684
3 99.5682 19.0677 32.1140 27.9816
4 131.7544 1.4646 139.4120 14.4413
5 7.6783 20.0248 -0.0158 19.6298
6 109.3726 6.6410 100.1964 18.7606

Table E.17. Roll-Loop (q2,2) Templates for-Vk = 0.3,0.4 rad/sec
Frequency] vi = 0.3 rad/sec VA. = 0.4 rad/sec
Plant. # Phase (0) Magnitude (dB) Phase (0) Magnitude ((1B)

1 152.7362 7.1874 148.6616 13.9,161
2 -7.2371 20.8732 -5.9491 21.4342
3 4.2932 25.3234 -1.8212 24.0692
4 114.9942 27.5544 18.5220 28.1894
5 -2.5597 19.4643 J-4.2738 19.3911
6 39.9568 24.6016 8.7278 22.1924
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Table E.18. Roll-Loop (q2.2,) Templates for vk = 0.5,0.6 rtd/cc
Frequency I= 0.5 rad/sec Uk ='0.6 rad/sec
Plant, # Phase(0) Magnitude (dlB) Phase (0) MagnitidQ ((113)

1 138.0419 20.4708 131.2190 31.6977
2 -6.0386 21.7:172 -6.6602 21.93,17
3 -4.861 23.4783 -6.2288 23.1552
.1 1.1636 24.1820 -4.2191 22.4195
5 -5.7555 19.3510 -7.1463 19.327
611 -0.2 75 20.5846 -4.1867 19.7097

Table E.19. Roll-Loop (q2;.2) Teniplatos for lk =0.7, 0.8 rad/sec
Frequency I l'.- 0.7 rad/sec Ilk = 0.8 rad/sec

'lant. # Phase (*) Magnitude (dB) Phase (0) Magnitude (dB)-

1 22.9545 30.9076 0.4182 26-2881
2 -7.5116 22.0534 -8.4711 22.1317
3 -7.6418 22.9582 -8.9139 22.8280
4 -7.1552 21.4723 -9.2712 20.8941
5- -8.4929 19.3046 -9.8146 19.287,4

_ -6.6098 19.1887 -8.4192 18.852,4

Table E.20. Roll-Loop (q2,2.) Templates for vk. = 0.9, 1 vad/se
Frequency - Vk= 0.9 rad/sec vk= I rad/sec
Plant # Phase (0) Magnittfde (dB) Phase (0) Magnitude (dB)

1 -8.3412 23.8790 -13.6224 22.4193
2 -9.4851 22.1847 -10.5277 22.2213
3 -10.1183 22.7361 -11.2869 22.6676

4 -11.0363 20.5098 -12.6271 20.2378
5 -11.1205 19.2713 -12.4155 19.2556
6 -9.9439 18.6212 -11.3215 18.4539
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Table E.21. Roll-Loop (q2,2.) Templates for vk = 2,3 rad/sec
Frequency II _ =2 rad/sec tk =3 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (0) Maguitude (dB)

1 -40.6369 18.1635 -60.9379 16.3383
2 -21.2353 22.2631 -31.8631 22.1279
3 -22.5070 22.3544 -33.5133 22.1264
4 I -26.3222 19.2367 -39.1286 18.7502
5 -25.0665 19.0591 -37.3349 18.7637
(5 -23.2522 17.8177 -34.5979 17.5066

Table E.22. Roll-Loop (q,.) Templates for vk = ,t. 5 'ad/sec
Frequency yr. = 4 rad/sec Vk = 5 rad/sec
P'lant # Phase (*) Magnitude (dB) Phase (*) Magnitude (dB1)

1 -77.6062 14.3518 -88.6470 12.1610
2 -42.3121 21.9189 -52.6733 21.6527
3 -44.3,188 21.8561 -54.9928 21.5334
.1 -51.13990 18.2435 -63.0911 17.6744
5 -49.2046 18.3770 -60.6460 17.9146
6 -45.7003 17.1810 -56.5462 16.8077

Table E.23. Roll-Loop (q2 ,2 ) Templates for Vk = 6, 7 rad/sec
Frejuenicy Vk = 6 rad/sec ] k = 7 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 -93.2302 10.4139 -96.4219 9.6352
2 -62.8581 21.3354 -72.8960 20.9694
3 -65.4353 21.1596 -75.6725 20.7370
4 -74.1854 17.0491 -84.6915 16.3809
5 -71.6560 17.3911 -82.2501 16.8178
6 -67.1226 16.3840 -77.4254 15.9127
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Table E.24. Roll.Moop (q2,2,) Templates for Vk = 8, 10 rad/sec
Frequency - Vk 8 rad/sec V 1= 10 rad/sec
Plant, # Phase (*) Magnitude (dB) Phase (*) Magnitude (dB3)

I -102.6791 9.3311 -120.91,14 8.5005
2 -82.7829 20.5558 -102.0588 19.5865
3 -85.7021 20.2677 -105.1125 19.1929
,I -94.63,13 15.6834 -112.9846 14.2534
5 -92.4509 16.2029 -111.7460 14.8689
6 -87.45,12 15.3972 -106.6803 14.2448

Table E.25. Roll-Loop q 2,2.) Templates for q. = 50,100 rad/scc

Freenlcy I ,.= 50-rad/sec o . = 100 rad/sec
Plant # Phaset(*) Magnitude (rB) Phase (0) Magnitude (dB)

1 62.3,176 -22.6602 11.8040 -40.8156
2 74.4709 -8.3109 17.3221 -26.4089
3 73.0468 -9.1261 16.5375 -27.25663
4 67.4457 -15.1776 14.6238 -33.3137
5 69.3868 -14.3269 15.2006 -32.4663
6 71.0242 -14.3882 16.1511 -32.4945

Table E.26. Roll-Loop (q2,2,) Templates for vk = 1000, 10000 rad/sec
Frequency vI = 1000 rad/sec vk = 10000 rad/sec
Plant. # Phase (0) Magnitude (dB)[ Phase (*) I Magnitude (dB)

I -32.0288 -70.6453-- -4.3250 -73.7139
2 -268791 -55.6551 -3,4412 -5U.0973
3 -27.4059 -56.5969 -3.5236 -59.0924
4 J-28.8258 -62.7452 -3.7563 -65.4039
5 -28.4372 -61.9070 -3.6909 -64.51.71
6 -27.8051 -61.8395 -3.5885 -64.3812

E- 1I



I I I I I I

100.0 1000.0 10000.0I0
20 -. 4 0.01

0 _10.0- _ 5U_. - -

IJllodit ldc 0.6 0., 1.01
(dIB)

0.3

/ 0 *<.I 0.01
-20

0.1 0.001

-40 0.2

I II

-300 -250 -200 -150 -100 -50. 0 50 100
Phase (de.t)

Figure E.3. Roll-Rate Channel Plant. Templates (q2.2.) Vk = 0.001, 0.01, 0.1, 0.2, 0.3, 0.4. 0.5,
0.6. 0.7, 0.8, 1, 4, 10, 50, 100, 1000, 10000 rad/sec With Plant Case # I Nominial
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E.3 Yaw-Loop ((3,3) MIMO Loop #1

Table E-27. Yaw-Loop (q3,3) Templates for vk = 0.001, 0-01 (ad/sec
Frequency -k = r.001 iad/sec vk = 0.01 rad/sec
Plant. # Phase (') I Magnitude (dB) Phase (0) J Magnitude (dB)

1 0.8391 -4.6009 8.3260 -4.503,1
2 0.3515 4.1680 3.5105 4.1853

3 0.5264 -0.8880 5.2485 -0.8502
,4 0.6752 -2.1014 6.7192 -2.0393
5 0.5729 -1.7032 5.7090 - 1.6583
6 0.3568 9.1597 3.5620 9.1797

Table E.28. Yaw-Loop (q3,3) Templates for Vk = 0.1,0.3 rad/sec
Frequency lk = 0.1 rad/sec Vk -- 0.3 rad/sec
Plant# Phase (0) Magnitude (dB) Phase (0) Magnilude (d13)

I 53.7907 0.5968 69.1733 9.0253
2 31.1966 5.6430 58.6926 10.8751

3 42.0471 1.8617 67.0157 8.6724
4 48:8073 1.8041 70.0182 9.4933

5 44.2871 1.4205 67.7400 8.5534
(3 30.8953 10.8271 53.6640 16.3883

Table E.29. Yaw-Loop (.3,3) Templates for vk -- 1, 1.4 rad/sec
Frequency - = I rad/sec - = 1.4 rad/sec
Plant, # Phase (0) Magnitude (dB) Phase (0) -Magnitude (dB)

1 '47.116') 22.3950 5.2465 27.2975
2 68.6356 21.0035 65.4331 24.5746
3 72.1137 19.2054 68.5201 22.7088
4 .67680 20.9091 (30.6407 25.2990
5 69.5871 19.3183 --63.9972- . .23.0085- -

6 43.45 26.6843 25.0882 29.8838
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Table E.30. Yaw-Ioop (q,3) Templates for Ilk = 2, 3 rad/sec
Frequeiicy Ut = 2 rad/sec Vk = 3 rad/sec
Phl. # Phase (0) Magnitude (dB) Phase (*) Magnitude (dB)

1 -58.7904 24.6947 -88.7306 18.7059
2 56.5189 29.2975 19.9272 :37.5911
:3 (30.1978 27.2038 31.9858 31.9052
4 34.9 ,5 32.0002 -63.3488 32.986:3
5 50.7380 27.9185 - 1.8267 35.1767
6 -10.0789 32.0675 -55.8294 30.4009

Table E.31. Yaw-Loop (q3,3) Templates for Uk = 4,5 rad/scc
Frequency ;. = 4 rad/sec Ik = 5 rad/sec
Plant # Phase t*) Magnitude (dB) Phase (0) Magnitude (d13)

11 -101.6119 15.2956 -111.1172 12.9260
2 -63.5194 38.1493 -96.6556 32.9092
3 -46.1249 38.6460 -91.2554 33.3831
4 -94.2284 27.0666 - 107.5268 23.6437
5 -69.7125 32.8026 -95.5725 28.5875
6 -79.6051 27.6861 -94.6622, 25.,1662

Table E.32. Yaw-Loop (q3,3) Templates for Il. = 6, 7 vad/see
Frequency I'k = 6 rad/sec [ vk = 7 rad/sec
Plant # phase (0) Magnitude (dB) I Phase (0) Magnitude (dB)

1 _ -119.4478 11.0835 -127.2691 9.5523
2 -111.4239 29.5564 -121.9087 27.2074
3 -108.753.6 29.6728 -120.1871 27.1358

'4 -117.2446 21.2883 -125.7336 19.4677
5 if-109.5281 25.7245 -120.0151 23.6128
6 if -106.2533 23.6664 1-16.2214 22.1500
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Table E.33. Yaw-Loop (q3,3) Templates for Uk = 8, 9 rad/sec
Frequency Vk = 8 rad/sec Vk = 9 rad/sec
Plant # Phase (0) Magnitude (dB) Phase (*) Magnitude (dB)

_ -134.8498 8.2204 -142.3113 7.0203
2 -130.8759 25.3823 -139.1670 23.8607
3 -129.6099 25.20:33 -138.1(53 23.6142
,1 -133.6931 17.9557 -141.3951 16.6358
5 -129.1197 21.9211 -137.5614 20.41826

6 -125.3215 20.8239 -133.9192 19.6268

Table E.34. Yaw-Loop (q3,3) Templates for vk = 10, 50 rad/sec
Frequency r _5 = 10 rad/sec ,k =_50 rad/sec
-Plant # .Phase (0) I Magnitude (dB) Phase (*) Magnitude (dB)

1 -149.7059 5.9077 57.2032 -27.0711
2 -147.1066 22.5262 57.3718 -11.3061
3 -146.2775 22.2344 57.4828 -11.7696
4 -148.9555 15.4393 57.0524 -17.8987
5 4-&45.6388 19.2036 57.7987 -14.4238
6 -142.1980 18.5160 58.6515 -14.4553

Table E.35. Yaw-Loop (q3,3) Templates for vt" 100, 1000 rad/sec
Frequney vk, = 100 rad/sec Vk = 1000 rad/sec
Plant. # Phase (0) Magnitude (dB) Phase (0) Magnitude (dB)

1 9.7573 -45.2026 -31.1566 -74.7497
2 9.7018 -29.4760 -31.6932 -59.1212
3 9.7650 -29.9446 -31.6478 -59.5858

4 9.5283 -36.0561 -31.7610 -65.7047

5 9.9743 -32.5762 -31.5699 -62.1982
6 10.4672 -32.5860 -31.2733 -62.1628
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Table E.36. Yaw-Loop (q3,3) Template for vk = 10000 rod/sec
Frequency q. 10000 rad/sec I
Plant # Phase (0) Magnitude (dB)

1 -4.1462 -77.6813
2 -4.2467 -62.1280
3 -4.2387 -62.5872
4 -4.2580 -68.7187
5 -4.2261 -65.1917

6 -4.1747 -65.1216
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Appendix F. Z-Plane Compensatlor Listings

This appendix contains all the listings of the compensator and prefilter transfer functions

designed in this thesis. The w'-plane and various forms of the z-plane represent.ations are given.

The difference equations required to implement each are also given.

For a-proper z-plane transfer function of the form:

Y(:) c,' M " + cl. - + .. +Clz+ co
U(z) d,z" + , + +,dlz + do

U > In

dl. = I

the systnem difference equation is written as:

y((k + ,n)T] + d,,_1y[(k + ii - 1)7] +.. + dly[(k + 1)7'] + doy(kT) =

c,,, [(k + i)T] + c,,_I[(k(+in-I)T]+ +cj u[k + 1)T7] + co(kT) (F.1)

Equation F.I can be rearranged and rewritcen such that,:

y(kT7) = -,i,,-y [(k - 1)7-- . dy[(k + I - n)T] - doy[(k - n)7

+c,11 u[(k + in - n)7] + c,,,_ u[(k + in -n - 1)71 +.. + cl u[(k + I - ,)II

+couI[(4k - ,1)7 (F.2)

The difference equations provided in the following sections are written in Iip-form of equation-F.2.
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P.1 Pilch-Ralc Channel Type 0

562(t' + 6)( "12 + 20wt + 324)
w'(w' 2 +-500w' + 250000)

31.149,122(z - 0.822004 : aO.209 7 6346 )(: - 0.90,762)

(- + 0.726264 =: jO.320355)(: - 1)
31.149422: 3 - 79.39272 -2 + 68.750756: - 20.282933

:3 + 0.452528:-2 - 0.822441: - 0.6300806
31.1,19422 - 79.392721z - ' + 68,750756:-2 - 20.282933: - 3

1 + 0A52528z - 1 - 0.822441 --2 - 0.630086:-3
0.003(w' + 1000)

(w' + 3)
0.027317(: +-0.785714)

z - 0 951220
0.027317:'+ 0.021463

: - 0.951220

0.027317 + 0.021463-1
I - 0 .9 5 12 2 0 :-- 1

The diffierence equations to implement this type 0 design for fjl and 91 are:

,a y(kT) = -0.452528 y[(k - 1)TJ + 0.822441 y[(k - 2)71

+ 0.630086 y[(k - 3)7] + 31.149422 u(kT)

- 79.392721 u[(k - I)7] + 68.750756 u[(k - 2)7]

- 20.282933 u[(k - 3)71 (F.3)

* y(kT) = +0.951220 y[(k - 1)71 + 0.027317 u(kT)

+ 0.021463 u[(k - I)T] (F.A)
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F.2 Pichh-Rale Channcl Type I Design # 1

Ov( /) -562(tv + 0.3)(w' + 6)(u,"2 + 20wt + 324)
w'2 (w'1 2 + 500w' + 250000)

31.227295(: - 0.822004 ± jO. 2 0 9 7 6 4 )(: - 0.904762)(: - 0.995012)

(: + 0.726264 ± jO.3 20355)(: - I)(: - 1)
31.227295: - 110.66275 1.3 + 148.116872_2 - 88.912520: + 20.232226

4:- _0.547472v- - 1.274969:2 + 0.192355: + 0.630086
31.227295 - 110.662751 - + 148.116872:--2 - 88.912520- - 3 + 20.232226 - - '

1 - 0.5,17472z- ' 1 - 1.274969:-2 + 0.192355Z"- + 0.630086:-l
0.0012(w' + 100)(w' + 500)

(t' + 4)(w' + 15)
0.009778(:- - 0.090909)(z + 0.612903)

(: - 0.777778)(z - 0.93548,1)

0.009778z2 + 0.005104: - 0.000545
-2 - 1.713262: + 0.727599

0.009778 + 0.005104z- - 0.000545: -

1 - 1.713262 - 1 + 0.727599_- 2

The difference equations to implement the type 1 design # I for fl,i and yg are:

!/I y(kT) = + 0.547472 y[(k - 1)TJ + 1.274969 y[(k - 2)71

- 0.192355 y[(k - 3)21 - 0.630086 y[(k - 4)T]

+ 31.227295 u(kT) - 110.662751 t[(k - 1)T

+ 148.116872 u[(k -- 2)T1 - 88.912520 u[(k - 3)T

+ 20.232226 u[(k - 4)71 (F.5)

11.1 yl(kT) = + 1.713262 y[(k - 1)7] - 0.727599y[(k - 2)7']

+ 0.009778 u(kT) + 0.005104 u[(k - I)T]

- 0.000545 ,t[(k - 2)T] (F.6)
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F.3 Pilch-Ralc Chan nel Typc I Design # 2

The prefilter for design # 2 is jdent.ical to design # 1.

562(w' + 0.2)(w' + 0.3)(w' + 6)(w' 2 + 20w' + 324)

w'2( l/+ 0.02)(w'I 2 + 500w' + 250000)
31.227295(z - 0.822004 ± jO.209764)(z - 0.904762)(z - 0.995012)(- - 0.996672)

(z + 0.726264 ± jO.320355)(z - I)(z - I)(- - 0.999667)

31.27.4128 5
- 141.9 772: 4+258.798914z 3- 236.891233 2 +09.0121 g 0q-20.195140

ehI 4 0.297

.ql (X) --- ,_ i ..5713934_ 0.77679 .--1-466899z.1-04793 0697

31.274128-141.94877M 25.994 2 3.926 a 0.110-4 01.10
-

1- 1.547139.-_.727679k 75,46899-_2876.

The diffrerence equation to imfplement the type I design # 2 for gj is:

y y(kT) + 1.547139 y[(k- 1)7] + 0.727679 y[(k - 2)7]

- 1.466899 y[(k - 3)7] - 0.437795-y[(k - 4)]

+ 0;629876 y[(k -- 5)71 + 31.274128 u(kT)

- 141.998772u[(k- 1)T] + 258.798914 t[(k - 2)7]

236.891236 i[(k - 3)71I + 109.012110 u[(k - 4)71

- 20.195140 i[(k - 5)T] (F.7)

F.4 ltoll-Rale Channel Design # 1

L3.55(,,"+ 0.1)(w' 2 + 16w'/+ 100)
- w'2( w' + 500)

9 0.784134(z - 0.870889- jO.087698)(z - 0.998335)
(-+ + 0.612903)(z - 1)(: - 1)

0!7/4134- 2,148611-2 + -1.964269Z -0.599755
= -

3 
- 1.387097z2 - 0.225806z + 0.612903

92(Z) = 0. 784134 - 2.148616f 1 "+ 1.964269 - 0: 9755 z
1- 1.387097z - - 0.225806--- 2 + 0.612903z - 3

F-4



O. 125(w' + 20)f.,,2(W') - w+.
W1 + 2.5

f2,2() 0.142857(z - 0.71.t286)
z - 0.959184

0.142857:- 0.1020,11
: - 0.959184

0.142857 - 0.102041:-l
1 - 0.959184: - 1

The dilference equations to imllement the type I design # I for f2,2 and g12 are:

1., y(kT) = + 1.387097 y[(k - 1)T] + 0.225806 [(/k - 2)71

- 0.612903 y[(k - 3)21 + 0.784134 u(/kT)

- 2.148616 u[( k - 1)T] + 1.964269 u[(k-- 2)71

- 0.599755 u[(k - 3)T] (F.8)

f2,2 y(kT) = + 0.959184-y[(k - 1)71 + 0.142857 n('T)

- 0.102041 t[(k- 1)2] (F.9)

F.5 Roll-Rate Channel Design # 2

The prefilter for design # 2 is identical to design # 1.

3.55(w' + 0.1)(w' + 0.3)(w' 2 + 16w' + 100)9201") = 'w---
w't2 (w' + 0.009)(w' + 500)

/ 0.786035(: - 0.870889 ± jO.0 8 76 9 8 )(: - 0.998335)( z - 0.995012)
(z + 0.612903)(z - 0.999850)(z - 1)(- - 1)

0.786035z' - 2:935941-3 + 4.112116z2 - 2.560421z + 0.598211
:' - 2.386947- 3 + 1.161082Z2 + 0.838676: - 0.61281-1IZ- 3 +Or92

0.786035 - 2.935941z - i + 4.112116--2 - 2-560421:-" + 0.598211:-

1 - 2.386947z - I + 1.161082_--2 + 0.838676 - 3 - 0.612811- - 4

The (I 'oece equation to iml)ement the t.ype 1 design # 2 for 1/2 Is:

!/2 y(kT) = + 2.386947 y[(k - 1)21 - 1.161082 y[(k - 2)2
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- 0.838676 y[(k - 3)T] + 0.612811 y[(k - 4)T]

+ 0.786035 u(kT) - 2.935941 tt[(k - 1)T

+ 4.112116 u((k - 2)T - 2.560421 ,((k - 3)T]

+ 0.598211y[(k - 4)T] (F.10)

P.6 Yatw-Ralc Channel Dcsign # I

223(iw' + 4.5)(w 2 + 20w' + 324)

w'(w' 2 + 500w' + 250000)
9 12.212859(: - 0.822004 ± jO.2 0 9 16-1)(: - 0.927711)

(+ O.7 262 6 4 jO.320355)(z - 1)

12.212859z 3 - 31.408045Z2 + 27.416111z - 8.154108
-3 + 0.452528:2 - 0.822441 z - 0.630086

12.212859- 31.408045z - ' + 27.416111:Z-2 - 8.154108:-3

1-4- 0.452528 - - 0.822441-- - 0.630086z-3
f Ut) =0.004(w' -4 200)

(1)1+0.8
= 0.010596(- + 0.250000)

z - 0.986755

0.010596: + 0.002649
- - 0.980'755

0.0 10596. 0.002649z
- 1

I - 0.986755:-1

The difference equations to implement the type 1 design # I for f3,3 and g3 are:

!13- = y(kT) - - 0.452528 y[(k - 1)7] + 0. 8 2 24 41 y[(k - 2)T]

+ 0.630086 y[(k --3)71 + 12.212859-ii(kT)

- 31.403045 ut[(k- I)T] + 27.4161141- t[(k-2)]

- 8.154108 u[(k - 3)1] (F.1 )

f3,... =y(kT) = + 0.986755 y[(k - 1)2] + 0.010596 u(kT)
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+ 0.0026,19 u[(k - I)T] (F.12)

F. 7 Yaw-Ralc Chamdci Design # 2

The prefilter for design # 2 is identical to design # 1.

223(w' + 0.3)(w' + 4.5)(,t' 2 + 20w' + 32,4)
Iw'( W + 0.009)(w-'2 + 500w' + 250000)

,f3(:) = 12.242473(: - 0.822004 ± jO.2 09 7 64 )(: - 0.927711)(: - 0.995012)
(z + 0.726264 ± jO.320355)(z - 0.999850)(: - 1)

12.242473z 4 - 43.665617: - 58.809765: 2 - 35.5194100z + 8.133112

4 0.547322Z3 - 1.274901-2 - 0.192232z + 0.629992
12.242473 - 43.665617z - + 58.809765 -2 - 35.519400z- a + 8.133112: - '

I - 0.547322z - 1 - 1.274901:-2 + 0.192232_-3 + 0.629992z-41

The dilfereiice equation to implement the type I design # 2 for g3 is:

1/3 y(kT) = + 0.547322 y[(k - 1)7] + 1.274901 y[(k - 2)7]

- 0.192232 y[(k - 3)'] - 0.620992 y[(k - 4)7]

+ 12.242473 u(kT) - 43.665617 tu[(k - 1)7']

+ 58.80965 u[(k - 2)T] - 35.519400 u((k - 3)T]

+ 8.133112 u[(k - 4)7'] (F.13)
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Appendix G. Design Simnuhitions

(.I /-plane Loop Design Simulations

Design # 1 Design # 2
1.4 1 9 1 1.4 - 1
1.2 T,. 1.2 2',,

.8q(t) .8
.6 T,. (!:ad) .6 T
.4 oec .4
.2 .2
0 - - - - 0 - - - -

-. 2 -. 2 , 1

0 2 4 6 8 10 0 2 4 6 8 10
Time (sec) Time (sec)

Type 0 Design
1.4 * , *
1.2 T,.,,

q(I) .

(nad) . T,.,
.4
.2
0

-2 f

0 2 4 6 8 10'
Time (see)

Figure G.I. Pitch-Loop (ql.l) Plant and Tracking Model (Tr., Th.) 'Responses to a Step qcufl
In)ut

Design # 4 Design # 2
1.4 * , * 1.4 1 * *
1.2 1.2 .

1)(1) .8 M .( .)64 Tna 1 p .) .8
.1 ri (!ad) . T,.i

() .4 $ ec .4
.2 .2
0 - - - 0 - - - -

-. 2 f 1 1 -. 2 f I I
0 2 4 6 8 10 0 2 4 6 8 10

Tine (sec)- Time (sec)

Figure U.2. Roll-loop. (q2,2.) PlaWt and Tracking Model - t' ) -Responses to a Step . 1) tm
Iniput
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Design # I Design # 2
1.1 4 * 1.I A
1.2 1.2

T, T

.6 .6

.2 .2
0 - - - - 0 - - -I I

-. 2 -. 2
o 2 4 6 8 10 0 2 4 6- 8 10

Time (see) Time (see)

Figure (.3. Yaw-Loop (q3,3) Plant and Tracking Model (T,.,, TnI)fRespoises to a Step 1'md I1)Ut.
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G.2 Jlybrid Single Channel hipul Simulalions

16,
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F'ivure G.4. 0 Responses For Plants 1-6 to- a 15 sec Duration 10 /sec Pit, -Rate (q) Input. to
Design #1
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Figure 1.5. u Responses For Plants 1-6 to a 15 sec Duration 10 /sec Pitch-Rate (q) Input to
J) sign-G 3
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Figure G'.6. 0i Responses For Plants 1-6 to a 15 sec Duration J1/sec Pitch-Rate (q)inj)it to
Design #1
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Figue G~.7. q Responses For Plants -1-6 to a 15 see Duration 10/sec Pitch-Rate (q) Input t~o
Design #1
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Figure G.8. 6 , Responses For Plants 1-6 to a 15 sec Duration 10/sec Pitch-Rate (q) Iniput to
Design #1 (amplitude limited at +150 and -100)
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Figure (3.9. b,, Responses For Plants 1-6 to a 15 sec Duration 10 /sec Pitch-Rate (q) Input, to
Design #1 (amplitude limited at +150 and -100)
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Iligure G.10. b,, Responses For Plants 1-6 to a 15 sec Duration 10/sec Pit-ch-Rate (q) Input to
Design #1 (amplitude limited at ±UV)
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Figure G.11 b,, Responses For Plants 1-6 to a 15 see Duration 10/sec-Pitcli-Rate, (q) Input, to
Design #1 (amplitude limited at ±150)
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Figure (4.12. q Responses For Plants 1-6 to a 15 see Duration 1°/sec Roll-Rate (p) Input to
Design #1
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Figure G.13. 13 Responses For Plants 1-6 to a 15 see Duration 10/sec Roll-Rate (p) Input to
Design #1
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F'igutre G.14. p Responses For Plants 1-6 to a 15 sec Duration 10/sec Roll-Rate (p) hipt to
Design #1
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F'igure G4.15. r Responses For Plants 1-6 to a 15 sec Duration 10/sec Roll-Rate (p) Input. to
Design #1
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Figure G.16. 6,,, Responses For Pimits 1-6 to a 15 sec Duration 1*/ cc Roll-Rate (p) Input to
Designi #1 (amplitude &-a;,tecl at +150 and -10o)
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Figure GA.17. 6,, -Responses For Plants 1-6 t~o a l5-sec Duration 10/sec Roll-Rate (p) Input to
Design #1 (amplitude limited at +_150 and -10*)
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Figure G.18. 6bj Responses For Plants 1-6 to a. 15 sec Duration 10/sec Roll-Rate (p) Input. to
Design #1 (amplitude limited at 00 and -200)
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Figure G.19. 61, Responses For Plants 1-6 to a 15 see Duration l/sec Roll-Rate (p) Input.-to
Design #1 (amplitude linlited at, 0* and -20")
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Figure (G.20. 6R Responses For Plants 1-6 to a 15 sec Duration 10 /aec Roll-Rate (p) In1put. to
Design #1 (amplitude limited at ±250)
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Figure 03.21. -~Responses For Plants 1-6 to a 15 see Duration 10/sec NThw-Rate (r') Input, to
'Design #1
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Desigii #1
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1Vigure G3.23. 1) Responses For Plants 1-6 to a 15 sec Duration 10/sec Yaw-Rate (I-) hiplut, to
Design #1
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Figure G.24. r Responses For Plants 1-6 to a 15 sec Duration 10 /sec Yaw-Rate (r) Input, to
Design #1
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Figure G.25. 6a, Responses For Plants 1-6 to a 15 see Duration 10 /sec Yaw-Rato (r) nput, to
Design #1 (amplitude limited at +150 and -100)
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Figure G.26. b,,, Responses For Plants 1-6 to a 15 sec Duration 1°/sec Yaw-Rate (r) Input, to
Design #1 (amplitude limited at. +150 and -10*)
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Figure G.27. bjL Responses For Plants 1-6 to a 15 scc Duration 10/sec Yaw-Rate (r) Input, to
Design #1 (amplitude limited at 00 and -200)
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Figure G.28. 6
fR Responses For Plants 1-6 to a 15 sce Duration 1l/sec Yaw-Rate (r) InpIUt. to

Design #1 (amplitude limited at 00 and -200)
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Figure (4.29. 6 R Responses For Plants 1-6 to a 15 sec Duration 1/scc Yaw-Rate (r) Input, to
Design #1 (amplitude-limited at :L25*)
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Figure G.30. 0 Responses For Plants 1-6 to a 15- sec Duration 10 /sec Pitch-Rate (q) Input to
Design #2
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Figure G.32. a Responses For Plants 1-6 to a 15 sec Duration l 0 /sec Pitch-Rate (q) Input to
Design #2
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Figure G.33. q Responses For Plants I-6-to-a 15 sec Duration l/sec Pitch-Rate (q) Input, to
Design #2
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Figure G.34. 6,, Response-, For Plants 1-63 to a 15 sec Duration 10/sec Pitch-Rate (qj) Input. t~o
Design- #2 (amplitude limited at +150 and -10')
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Figure 04.35. b,,, Responses For Plants 1-6 to a 15 see Duration 10/sec Pitch-Rate (q) Input. to
Design #2 (amplitude limited at +150 and -10')
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Figure G. 6,,,C Responses For Plants 1-6 to a 15 sec Duration 10/scc Pitch-Rate (q) Input, to
Design #2 (amplitude limited at d15*)
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Figure (,'.37. 6 ,, Responses For Plants 1-6 to-a 15 sec Duration 10/sec Pit-ch-Rate (q) Input to
Design #2 (amplitude limited at ±+15*)
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Figure G.38. qJ Responses For Plants 1-6 to a 15 sec Duration 10 /sec Roll-Rate (p) hiput to
Design #2
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Figure G.39. 13 Responses For Plants 1-6 to a 15 see Duration 10 /sec Roll-Rate (p) Input to
Design #2
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Figure G.40. 1) Responses For Plants 1-6 to a 15 sec Duration 1*1/sec Roll-Rate (p) Input to
Design #2
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Figure G4.41. r Responses For Plants 1-6 t~o a 15 sec Duration 10/see Roll-Rate (p) In1put to
Design #2
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Figure G.42. 6,,, Responses For Planits 1-6 to a 15 see Duration 10/secc Roll-Rlate (p) Input, to
Design #2 (amplitude limited at. +15' andl -10*)
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Figure G.413. b,, Responses For Plants 1-6 to a 1.5 see Duration 10/src Roll-Rate (p) Input to
Design #2 (amplitude limited at. +150 and -10*)
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Figure (3.4-. 61 , Responses For Plants 1-6 to a 15 sec Duration 10/sec Roll-Rate (p) Input, to
Design #2 (amplitude limited at 0' and -20*)
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Figure (4.45. 61R Responses For Plants 1-6-to a 15 sec Duration 1l/sec Roll-Rate(p) Input. to
Design #2 (amplitude limited at 00 and -200)
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Figure G.46. bR Responses For Plants 1-6 t~o a 15 see Duration 10/sec Roll-Rate (p) Input. to
Design #2 (amplitude limited at. :UV)
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Figure G.47. Responses For Plants 1-6 to a- 15 sec Duration 10/sec Yaw-Rate (r) hn1)tt to
Design #2
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Figure G.48. /3 Responses For Plants 1-6 to a 15 sec Duration 10 /sec Yaw-Rate (r) Ilpiut. to
Design -#2
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Figure G.49. p Responses For Plants 1-6 to a 15 sec Duration 10/sec Yaw-Rate (r) Input, to
Design #2
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Figure G.50. r Responses For Plants 1-6 to a 15 sec Duration l*/sec Yaw-Rate (v) Input, to
Design #2
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Figure G.51. , Responses For Plants 1-6 to a 15-sec Duration 1°/sec Yaw-Rate (r) Input, to
Design #2 (amplitude linited at +150 and -10*)
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Figure G.52. 6 ,R Responses For Plants 1-6 to a 15 sec Duration 10 /sec Yaw-Rate (r) -Input t.o
Design #2 (amplitude limited at +150 and -100)
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Figure G.53. 6p, Responses For Plants 1-6 to a 15 sec Duration 10 /see Yaw-Rate (r) Input to
Design #2 (amplitude limited at +150 and -101)
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Figure GUM. b6, Responses For Plants 1-63 to a 15 sec Duration 10 /sec Yaw-Riate (r') Inp~t t.o
Design #2 (amplitude limited at 00 and -20*)
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Figure G.55. 61? Responses For Plants 1-6 to-a. 15 sec Duration 10/sec Yaw-Rate (r) Input to
Desigiiv#2 (amplitude limited at ±25*)
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Figure .. 0 Responses For Plants 1-6 to a I see Duration 45*/sec Pitch-Rate (q) Input, to
Design #1
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Figure G.57. u -Responses For Plants 1-6 to a -1 sec Duration 4501scc Pitch-Rate (q)Input- to
Design #I
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Figure (4-.58. ar Resp~onses For Plants 1-6 to a I sec Duration 45 0/sec Pitch-Rate (qj) Input t.o
Design #1
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Figure G0.59. q Responses For Plants 1-6 to a I sec Duration 45'/sec Pitch-Rate (q) Input, to
Design #1

G-3 0



30

20

10

(0) 0

-10 5

-20

-30
0 5 10 15 20

Time (see)

Figure (4.60. 6,,, Responses For Plants 1-6 t~o a 1 sec Duration 45*/sec Pitch-Rate (q) Input, to
Design #1 (amplitude limited at + 15' and -10*)
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Figure G.61. 6., Responses For Plants 1-6 to a I sec Duration 45 0 /sec Pitch-Rate (q) lIlut to
Design #1 (amplitude limited at +150 and -10')
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Pigure G4.62. b,, Responses For Plants 1-6 to a 1 sec Duration 450/sec Pitcht-Rate (q) hipul. t~o
Design #1 (amplitude limited at, :U50)
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Figure G4.63. 6 ,, Responses For Plants 1-6 to a I sec Duration 450/see Pitch-Rate (q) Input to
Design #1 (amplitude limited at ±150)
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Figure G:.6-1. Responses For Plants 1-6 to a I sec Duration 45*/sec Roll-Rate (p) Input to
Design #1
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Figtire-G4.65. i3Responses For Plants 1-6 to a I sec Duration 450/sec Roll-Rate (p) Input to
D~esign #1
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Figure 1)66 Responses For Plants 1-6 to a 1 see Duration 450/see Roll-Rate (p) Iniput to
Design #1
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Figure 0.67. r Responses For Plants 1-6 to a 1 see Duration 45'/scc Roll-Rate (p) Input to
Design #1
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Figure G.68. 6,, Responses For Plants 1-6 to a- 1 see Duration 450/sec Roll-Rate (p) hiput. t~o
Design #1 (amplitude limited at +150 and -100)

30

20

(0) 0

1 4 5

-30,
0510 15 20

Time (sec)

Figure G4.69. 6,,, Resp~onses For Plants 1-6 to-a. I see Duration 450/see Roll-Rate Ap) Input. to
Design #1 (amplitude limited at +150 and -10')
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Figure G.T0. bjL Responses For Plants 1-6 to a I sec Duration 45'/sec Roll-Rate (p) hIput. to
Desigii #1 (amplitude limited at 0* andI -20*)
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Figure G.7-1. 61R Responses For Plants 1-6 to a I sec Duration 45*/sec Roll-Rate (p) iput. to
Design #1 (amplitude liniited-at-00 and -20*)
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Figure (4.72. 6R Responses For Plants 1-6 to a 1 sec Duration 450/sec Roll-Rate (p) Input. to
Design #1 (amplitude limited at -25*)
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Figure G.73. ¢ Responses For Plants 1-6 to a 1 sec Duration 45 0 /sec Yaw-Rale (r) Input to
Design #1
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Figure 1.74. ,3 Responses For Plants 1-6 to a I sec Duration 4.5/see Yaw-Rate (r) Input to
Design #1
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Figure (G.75. p Responses For Plants 1-6 to a 1 see Duration 45 0 /scc Yaw-Rate (v) Input to
Design #1
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Figure (.76. r Responses For Plants 1-6 to a 1 sec Duration 45°/sec Yaw-Rate (r) Input. to
Design #1
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Figure G.77. 6aL Responses For Plants 1-6 to a I see Duration 45*/sec Yaw-Rate (i) -Input to
Design #1 (amplitude limited at +15' and -10*)
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Figure (.78. 6,, Responses For Plants 1-6 to a 1 see Duration 45'/sec Yaw-Rate (r) Input to
Design #1 (amplitude limited at. +150 and -100)
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Figure G.79. bjL Responses For Plants 1-6 Co a I see Duration 45 0/scc Yaw-Rate (r) Input, to
Design #1 (amplitude limited at 00 and -200)
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Figure G.80. 6bf Responses For Plants 1-6 to a 1 sec Duration 45*/sec Yaw-Rate (r) Iput. to
Design #1 (amplitude limited at 00 and -20o )
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Figure (.81. 6R Responses For Plants 1-6 to a I see Duration 45/seec Yaw-Rate (') Input. to
Design #1 (amplitude limited at ±250)
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Figure G.82. 0 Responses For Plants 1-6 to a 1 sec Duration 45°/sec Pitcli-Rate (q) Input to
Design #2
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FigureG.83. u Responses For Plaits 1-6 to a 1 scc -Duration 45 0/scc Pit.ch-Rate=(q) Input to
Design #2
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Figure C1.8-1. n Responses For Plants 1-6 to a 1 sec Duration 450/sec Pitchl-Rate (q) Input to
Design #2
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Figure (3.85. q Responses For Plants 1-6 to a I sec -Duration 450/sec Pitch-Rate (q) In1put, to
Design #2
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Figure (1.86. 6,, Responses For Plants 1-6 to a 1 sec Duration 45°/sec Pitch-Rate (q) Input to
Design #2 (amplitude limited at +150 an(l--10 ° )

30

20

10

(0) 0

-10

-20

-30
0 5 10 15 20

Time (see)

Figure G.87. b6,, Responses For Plants 1-6 to a I sec Duration 45 0 /sec Pitch-Rate (q)-Inputl. to
Design #2 (amplitude limited at +150 and -10*)
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Figure G.88. 6,, Responses For Plants 1-6 to a I see Duration 45*/scc Pitch-Rate (qj) Input t~o
Design #2 (amplitude limited at ±150)
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Figure G.89. b,,R Responses For Plants -1-6 t~o a I see Duration 450/sec Pitch-Rate (q)-iput, t~o
Design #2 (amplitude limited- at ±150)
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Figure G.90. ¢ Responses For Plants 1-6 to a I scC Duration 450/sec Roll-Rate (p) Input to
Design #2
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Figure G.91. /I Responses For Plants 1-6 to a 1 sec Duration ,5 0/scc Roll-Rate (p) hpnlt, to
Design #2
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Figure G.92. p) Responses For Plants 1-6 to a I see Duration 45*/see Roll-Rate (p) Input to
Design #2
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Figure G.93. r' Responses For Plants 1-6 to a I see Duration 450/see Roll-Rate (p) Ilpt.t t~o
Design #2
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Figure G.94. S~Respoiases For Plants 1-6 to a I 1-c Di-ration 45*/adec Roll-Rate (p) Input. to
Design #2 (amplitude limlitedI at +150 and .-10*)

20

10

-10
1 45

-20

0 5 10 15 20
Time (see)

Figure G.95. 6,, Responses For Plants 1-6 to a I see Duration 450 /sec Holl-Rate (p) lInput, to
Design- #2 (amplitude limited at~ + 150 and -10')
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Figure (1.96. bf, Responses For Plants 1-63 to a I see Duration 45'/sec Roll-Rate (p) Inp~ut. t.o
Design #2 (amplitude limited at 0' and -20*)
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Figure G'.97. bf, Responses For Plants 1-6 to a I .scc Duration 45*/sec Roll-Rate (p) Input. to
Design #2 (amplitude limited at 0* and -200)
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Figure G.98. 6R Responses For Plants 1-6 to a 1 sec Duration 450/sec Roll-Rate (p) Input. to
Design #2 (amplitude limited at -25*)
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Figure G.99. ¢ Responses For Plants 1-6 to a I see Duration 450/sec Yaw-Rate (r) In)ut to
Design #2
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Figure (4.100. ~3Responses For Plants 1-6 t~o a 1 sec Duration 450 /Sec \t aw-Rate (r) lInpu(. to
Design #2
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Figure G3.101. p Responses For Plants 1-6 to a I sec Duration 450/s5ec Yaw-Rate (r') hIput to
Design #2
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Figure G.102. v Responses For Plants 1-6 to a 1 sec Duration 45 0 /sec Yaw-Rate (r) Input to
Design #2
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Figure G.103. 6 ,L Responses For Plants 1-6 to a I see Duration 450 /seC Yaw-Rate (r) Input to
Design-#2 (amplitude limited at +150 and -10')

(4-52



30

20

10

(0) 0 - -

-10

-20

-30
0 5 10 15 20

Time (see)

Figure G.10,I. 6 ,R Responses For Plants 1-6 to a 1 sec Duration 45*/sec Yaw-Rate (r) Input to
Design #2 (amplitude limited at, +150 and -100)
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Figure (3.105. 6bf Responses For Plants 1-6 to a I sec Duration 45 0 /sec Yaw-Rate (r) Input to
Design #2 (amplitude limited at 0' and -20*)
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Figure 0~.106. b1R Responses For Plants 1-6 to a I see Duration 450 /scc Yaw-Rate (r) Iput, to
Design #2 (amplitude limited at. 0* and -2oo)
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Figure C1;.107. bR Responses For Plants 1-6 to a 1 sec Duration 45*/see 'Yaw-Rate (r') Inpt to
Design #2 (amplitude limited at ±25')
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Figure (4.108. 0 Responses For Plants 1-6 to a 1 sec Duration 500*/sec Pitch-Rate (q) Input. to
Design #1
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Figure G:I09. u Responses For-Plants-1-6 to a 1 scc-Durat.ion 500/scc-PitchRate(q)-ilnputt to
Design #1
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Figure G.110. a Responses For Plants 1-6 to a I sec Duration 500 0 /sec Pitch-Rate (q) Input to
Design #1
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Figure G. 11. q Responses For Plants 1-6 to a I sec Duration 500 0 /sec Pitch-Rate (q) Input. o
Design #1
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Figure G.112. b,,, Responses For Plants 1-6-to a 1 see Duration 500*/sec Pitch-Rate (qj) hIput.
to Design #1 (amplitude limiitedl at +150 andl -10')
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Figure (4.113. 6, Responses For Plants 1-6 to a 1 sec Duration~ 5000 /sec Pitcl-Rate (q) Input
t~o Design #1 (amplitude-limited at + 150 and -100)
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Figure G~.114. 6,, Responses For Plants 1-6 t~o a, 1 sec Duration 500*/sec Pitch-Rate (q) Inpuit.
to Design #1 (amplitude limited at ±150)
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Figure G.l 115. 6,, Responses For Plants 1-6 to a 1 see Duration 5000/scc P"itch-Rate (q) Input
t~o Design #1 (amplitude limited at. -1150)
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Figure G~.116. 4, Responses For Plants 1-6 to a I sec Duration .5000 Isec Roll-Rate (p) hipIut. to
Design #1
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Figure G. 117. [3 Responses For Plants 1-6 to a 1 sec Duration -500*/scc Roll-Rate (p) hiil.I to
Design #1
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Figure G.118. 1) Responses For Plants 1-6 to a I sec Duration 5000/sec Roll-Rate (p) Inlput. t~o
Design #1
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Figure G.I19. r Responses For Plants 1-6 to a I see Duration 5000/scc Roll-Rate (p) -Input( to
Design- #1
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Figure G.120. 6,,, Responses For Plants 1-6 to a I sec Duration 500 0 /sec Roll-Rate (p) input, to
Design #1 (amplitude limited at +150 and -100)
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Figure C.121. ba, Responses For Plants 1-6 to a I sec Duration 500 0 /sec Roll-Rat. (p) hiput to
Desigif.#l (amplitude limited at +150 and -100)
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Figure G.122. 6 jL Responses For Plants 1-6 to a 1 sec Duration 5000 sec Roll-Rate (p) hIput to
Design #1 (amplitude limited at 00 and -200)
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Figure C.123. bfR Responses For Plants 1-6 to a 1 see Duration 500 0/sec Roll-Rate (p) Input to
Design #1 (amplitude limited at 00 and -20')
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Figure G.124. 6 n Responses For Plants 1-6 to a I sec Duration 500°/sec Roll-Rate (p) Input to
Design #1 (amplitude limited at ±250)
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Figure G.125. j Responses For Plants 1-6-to a I see Duration 500°/sec Yaw-Rate (i) ln)ut, to
Design #1
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Figure G'.126. 13 Responses For Plants 1-6 to a I sec Duration 5000 Isec Yaw-Rate (r') Input to
Design #1
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Figuire G.127. p) Responses For Plants 1-6 to a 1 see Duration 5000/sec 'Yaw-Rate (r') Input, to

Design #1
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Figure 6. 128. r Responses For Plants 1-6 to a 1 sec Duration 500*/sec Yaw-Rate (r') InpIut to
Design # 1
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Figure G.129. 6,, IResp~onses For Plants 1-6 to a I sec Duration 500'/sec Yaw-Rate (r') Input to
Design #1 (amplitude limited at +15' and~ -10*)
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Figure G.130. 6 Resp~onses For Plants 1-63 to a I sec Duration 5000/sec Yaw-Rate (r) iput t~o
Design #1 (amplitude limited at. +150 and -10*)
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Figure G.131. 6f, Responses For Plants 1-6 to a I sec Duration 500'/sec Yaw-Pate (r) Input, to
Design #1 (amplitude limited at 00 and -20*)
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Figure G.132. bj, Responses For Plants 1-6 to a I sce Duration 5000/scc Yaw-Rate (r) Input to
Design #1 (amplitude limited at, 0* and -20*)
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Figure (.133. bn Responses For Plants 1-6 to a 1 sec Duration 5000/see Yaw-Rate (r) Input to
)esign #1 (amplitude limited at ±25')
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Figure G.13,1. 0 Responses For Plants 1-6 to a 1 sec Duration 500 0 /sec Pitch-Rate (q) Input to
Design #2
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Figure G.135. u Responses For Plants 1-6 to a I sec Duration 500 0 /sec Pitch-Rate (q) Input. to
Design #2
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Figure G.136. (A Responses For Plants 1-6 to a 1 sec Duration 500*/sec Pitch-Rate (q) Input. to
Design #2
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Figure C.137. q Responses For Plants 1-6 to a I sec Duration 500°!sec Pitch-Rate (q) Inpul, .to
De.sign #2
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Figure G.138. 6 a1 Responses For Plants 1-6 to a I see Duration 500 0 /scc Pitch-Rate (q) Input.
to Design #2 (amplitude limited at, +150 and -100)
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Figure 0.139. b,, Responses For Plants 1-6 to a 1 see Duration 5000/sec Pitch-Rate (q) Input.
to Design -#2(amplitude limited at +150 and -100)
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Figuire CG.140. 6", Responses For I'ats 1-6 Lo a I see Duration 5000 /sec PiIch-l ate (q) Input
to Design #2 (amplitude limited at ±15' )
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Figure C.. [II. 6,, lesponses For Plants 1-6 to a I see Duration 500 0/scc Plitch-lRate (j) Input,
to )esign .#2 (amplitude limited at. ±150)
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F'iguire G~.14.1. p Responses For Plants 1-63 to a I sec Duration .5000/sec Roll-Rate (p) Input,1 to
Design #2
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Figure (.,.145. r' Responses For Plants 1-6 to a I sec Duration 5000/sec -Roll-Rate (p) Input to
Design #2
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Figure G. 116. b,,, Responses For Plants 1-6 to a I see Duration 500°/see Roll-Rate (p) Input. to
Design #2 (amplitude limited at, +15' and'-10')
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Figure 0.117. 6,,, Responses For Plants 1-6 to a I sec Duration 500 0 /sec Roll-Rate (p), nput. to
Design #2 (amplitude limited at +150 and -100)
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Figure GA 48. bfL Responses For Plants 1-6 to a I see )uratiou 500'/sec Roll-Rate (p) Input, to
Design #2 (amplitude limited at 00 and -200)
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I re G.149. bjn Responses For Plants 1-6 to a I see Duration 500 0/see Roll-Rate (p) Input, to
Design #2 (amplitude limited at- 00 and -200)
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Figure G4.150. bR Responses For Plants 1-6 to a I see Duration 5000/sec Roll-Rate (p) lInput, to
Design #2 (amplitude limited at ±25*)
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Figure ('1.151. Responses For Plants 1-6 to a 1 see Duration 5.'000 /sec Yaw-Rate '(r)hinput to
Design #2

G-76



0

-20

-40

-60
() -80

-100

-120 6

-140

-160
0 5 10 15 20

Time (sec)

Figure G.152. 13 Responses For Plants 1-6 to a I sec Duration 500*/see Yaw-Ratec-(r) Input. .o

Design #2
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Figure 0.153. 1) Responses For Plants 1-6 to a I sec Duration 500*/sec Yaw-Rate (r) Input t~o
Design #2
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Figure G.15.1. r Responses For Plants 1-6 to a I sec Duration 500 0/sec Yaw-Rate (r) nput. to
Design #2
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Figure 6.155. 6, Responses For Plants 1-6 to a_ I sec Duration 500 0 /sec Yaw-Rate (r) Input to
Design #2 (amplitude limited at. +150 and -10')
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Figure G.150'. 6,a Responses For Plants 1-6 to a 1 see Duration 500°/sec Yaw-Rate (r) Input, to
Design #2 (amplitude limited at +150 and -100)
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Figure G4.157. 6.f Responses For Plants 1-6 to a 1 sec Duration 5000 /sec Yaw-Rate (r) Input to
Design #2 (amplitude limited at 00 and -200)
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Figure (3.158. bjn Responses For Plants 1-6 to a 1 sec Duration .500 0/sec Yaw-Rate (r) Input to
Design #2 (amplitude limited at 0* and -20')
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Figure G.1.59. 6B Responses For Plants 1-6 to a 1 sec Duration 5000/sec Yaw-Rate (r) hluiol to
Design #2 (amplitude limited at, ±250)
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Figure G. 160. Lambda Lateral State Responses For Plant. #1 to a 450 Steep Bank Coordinated
Turn Input,
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Figure G.161. Lambda Aileron And Rudder Responses For Plant #1 to a45" Steep Bank Coor-
dinat-ed Turn Input
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Figutre G.1632. Lambda Lateral State Responses For Plant #2 to-a-45* Steel) Bank Coordinated
Turn Iput.
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